
 

 
 

Investigation of the Hall-Petch Relationship Using Strain Gradient 
Plasticity Model for Finite Deformation Framework 

 
Yooseob Song 

Department of Civil Engineering, The University of Texas Rio Grande Valley, Edinburg, TX 78539, USA 
E-mail: yooseob.song@utrgv.edu  

 
Received: 6 April 2020; Accepted: 27 April 2020; Available online:25 June 2020  

Abstract: The Hall-Petch relationship in metals is investigated using the strain gradient plasticity theory within 
the finite deformation framework. For this purpose, the thermodynamically consistent constitutive formulation for 
the coupled thermomechanical gradient-enhanced plasticity model is developed. The corresponding finite element 
method is performed to investigate the characteristics of the Hall-Petch relationship in metals. The proposed model 
is established based on an extra Helmholtz-type partial differential equation, and the nonlocal quantity is calculated 
in a coupled method based on the equilibrium conditions. An excellent agreement between the simulation results 
and the test data is resulted in the Hall-Petch graph. Furthermore, it is observed that the Hall-Petch constants do 
not remain unchanged but vary with the strain level. 
Keywords: Hall-Petch; Strain gradient plasticity; Finite deformation; Finite element simulations.

 
 
1. Introduction 
 

Most of metals and metal alloys have polycrystalline nature. In general, a fine-grained material is stronger and 
harder than a coarse-grained one. This can be described in the relation between grain size and yield stress through 
the Hall-Petch equation as follow [1, 2]:  

 

 𝜎𝜎𝑦𝑦 = 𝜎𝜎0 +
𝑘𝑘
√𝐷𝐷

 (1) 

 
where 𝜎𝜎𝑦𝑦 denotes the yield stress, 𝜎𝜎0 denotes the material constant related to the resistance of lattice to dislocation 
motion, 𝑘𝑘  denotes the Hall-Petch strengthening coefficient, and 𝐷𝐷  denotes the average grain size. A linear 
relationship between 𝜎𝜎𝑦𝑦 and 𝐷𝐷−1 2⁄  with a slope of 𝑘𝑘 is shown in the Hall-Petch plot. 

After the pioneering works of Hall [1] for mild steels and Petch [2] for brittle materials, numerous works have 
been conducted to investigate the Hall-Petch relation through various methods including experiments [3]; 
review/overview [4, 5]; theoretical investigations [6]; numerical simulations [7]. In [3], microhardness of 
nanocrystalline palladium and copper were experimentally investigated according to grain size variation and 
significant increases in strength were observed in both materials compared to conventional grain size materials. 

However, strain gradient continuum plasticity is rarely used in this area. Song and his co-workers [8-16] have 
developed the coupled thermo-mechanical and thermodynamically consistent strain gradient plasticity models to 
study the characteristics of nano/micro-scale metallic materials. In this work, strain gradient-enhanced flow rules 
are proposed to investigate the grain-size dependent flow stress of polycrystalline materials. The implicit gradient-
enhanced theory (IGT) is introduced in this work. In the IGT, the Helmholtz-type partial differential equation 
(PDE) is obtained, and the nonlocal quantities are calculated in a coupled method based on the equilibrium 
conditions.  

The main aim of this work is to show that the proposed strain gradient-enhanced flow rule well captures the 
Hall-Petch relation. The two-dimensional finite element solution for finite deformation with considering the 
temperature effect is used to investigate the Hall-Petch relationship. 
 
2. Theoretical development 
 
2.1 Kinematics 

The homogeneous body 𝔅𝔅  in the reference (undeformed), intermediate and current (deformed) states is 
presented. The material point is simply denoted by 𝑿𝑿, and its Lagrangian coordinates are denoted by 𝑋𝑋𝑖𝑖  (𝑖𝑖 =
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1, 2, 3). The point in the current state is denoted by 𝒙𝒙, and its Eulerian coordinates are denoted by 𝑥𝑥𝑖𝑖  (𝑖𝑖 = 1, 2, 3). 
In this figure, the one to one mapping function 𝒙𝒙 = 𝓜𝓜(𝑿𝑿, 𝑡𝑡)  is used for defining the velocity 𝒗𝒗  and the 
deformation gradient 𝑭𝑭 respectively such as 𝑣𝑣𝑖𝑖 = 𝜕𝜕ℳ𝑖𝑖(𝑋𝑋𝑖𝑖 , 𝑡𝑡) 𝜕𝜕𝜕𝜕⁄ = ℳ̇𝑖𝑖 and 𝐹𝐹𝑖𝑖𝑖𝑖 = 𝜕𝜕𝑥𝑥𝑖𝑖 𝜕𝜕𝑋𝑋𝑗𝑗⁄ = 𝜕𝜕ℳ𝑖𝑖(𝑋𝑋𝑖𝑖 , 𝑡𝑡) 𝜕𝜕𝑋𝑋𝑗𝑗⁄ . In 
this work, the following multiplicative decomposition is employed 

 

 
𝑑𝑑𝑥𝑥𝑖𝑖 = 𝐹𝐹𝑖𝑖𝑖𝑖𝑒𝑒 𝐹𝐹𝑘𝑘𝑘𝑘

𝑝𝑝
���
𝐹𝐹𝑖𝑖𝑖𝑖

𝑑𝑑𝑋𝑋𝑗𝑗 (2) 

 
where 𝑭𝑭 is the deformation gradient, 𝑭𝑭𝑒𝑒 is the elastic distortion and 𝑭𝑭𝑝𝑝 is the plastic distortion. 𝑭𝑭𝑝𝑝 indicates the 
local plastic deformation of the material at 𝑿𝑿 due to the plastic mechanism in the microscopic neighborhood of 𝑿𝑿. 
This local deformation takes the material into (and ultimately pins the material to) a coherent structure that resides 
in the structural space at 𝑿𝑿. The subsequent rotation and stretching of this coherent structure are represented by 
the non-symmetric tensor 𝑭𝑭𝑒𝑒, thus 𝑭𝑭𝑒𝑒 denotes the elastic mechanism.  

The implicit function theorem 𝑭𝑭  must be non-singular, that is, the Jacobian determinant 𝐽𝐽(𝑿𝑿, 𝑡𝑡) ≝
𝑑𝑑𝑑𝑑𝑑𝑑 𝑭𝑭(𝑿𝑿, 𝑡𝑡) ≠ 0. The Jacobian determinant is the property of measuring the ratio between deformed (𝛺𝛺) and 
undeformed (𝛺𝛺0) infinitesimal volumes, that is, 

 
 𝑑𝑑𝑑𝑑 = 𝐽𝐽𝐽𝐽𝛺𝛺0 (3) 

 
The velocity gradient is given by 
 

 𝐿𝐿𝑖𝑖𝑖𝑖 =
𝜕𝜕𝑢̇𝑢𝑖𝑖
𝜕𝜕𝑥𝑥𝑗𝑗

= 𝐹̇𝐹𝑖𝑖𝑖𝑖𝐹𝐹𝑘𝑘𝑘𝑘−1 = 𝐹̇𝐹𝑖𝑖𝑖𝑖𝑒𝑒 𝐹𝐹𝑘𝑘𝑘𝑘𝑒𝑒
−1�����

𝐿𝐿𝑖𝑖𝑖𝑖
𝑒𝑒 ≝

+ 𝐹𝐹𝑖𝑖𝑖𝑖𝑒𝑒 𝐹̇𝐹𝑘𝑘𝑘𝑘
𝑝𝑝𝐹𝐹𝑙𝑙𝑙𝑙

𝑝𝑝−1�����
𝐿𝐿𝑘𝑘𝑘𝑘
𝑝𝑝 ≝

𝐹𝐹𝑚𝑚𝑚𝑚𝑒𝑒
−1

= �𝐷𝐷𝑖𝑖𝑖𝑖𝑒𝑒 + 𝑊𝑊𝑖𝑖𝑖𝑖
𝑒𝑒� + 𝐹𝐹𝑖𝑖𝑖𝑖𝑒𝑒 �𝐷𝐷𝑘𝑘𝑘𝑘

𝑝𝑝 + 𝑊𝑊𝑘𝑘𝑘𝑘
𝑝𝑝 �𝐹𝐹𝑚𝑚𝑚𝑚𝑒𝑒

−1
 

(4) 

 
where 𝑳𝑳𝑒𝑒  and 𝑳𝑳𝑝𝑝  represent the elastic and plastic distortion rate tensors addressed with the elastic and plastic 
components of the deformation rate tensor 𝑫𝑫 and the spin rate tensor 𝑾𝑾, that is, 𝑳𝑳𝑒𝑒 = 𝑫𝑫𝑒𝑒 + 𝑾𝑾𝑒𝑒 and 𝑳𝑳𝑝𝑝 = 𝑫𝑫𝑝𝑝 +
𝑾𝑾𝑝𝑝. The elastic and plastic parts of 𝑫𝑫 and 𝑾𝑾 are given by  
 

 𝐷𝐷𝑖𝑖𝑖𝑖𝑒𝑒 = 𝑠𝑠𝑠𝑠𝑠𝑠 𝐿𝐿𝑖𝑖𝑖𝑖𝑒𝑒 ,    𝐷𝐷𝑖𝑖𝑖𝑖
𝑝𝑝 = 𝑠𝑠𝑠𝑠𝑠𝑠 𝐿𝐿𝑖𝑖𝑖𝑖

𝑝𝑝 ,    𝑊𝑊𝑖𝑖𝑖𝑖
𝑒𝑒 = 𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 𝐿𝐿𝑖𝑖𝑖𝑖𝑒𝑒 ,    𝑊𝑊𝑖𝑖𝑖𝑖

𝑝𝑝 = 𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 𝐿𝐿𝑖𝑖𝑖𝑖
𝑝𝑝  (5) 

 
Note that the plastic flow does not induce changes in volume, consistently 𝑑𝑑𝑑𝑑𝑑𝑑 𝑭𝑭𝑝𝑝 = 1 , and 𝑳𝑳𝑝𝑝  and 𝑫𝑫𝑝𝑝  are 
deviatoric. 

The right polar decomposition of a second-order, non-singular tensor 𝑭𝑭𝑒𝑒 can be obtained by the orthogonal 
rotation tensor 𝑹𝑹𝑒𝑒 and the symmetric, positive definite right stretch tensor 𝑼𝑼𝑒𝑒 as  

 
 𝐹𝐹𝑖𝑖𝑖𝑖𝑒𝑒 = 𝑅𝑅𝑖𝑖𝑖𝑖𝑒𝑒 𝑈𝑈𝑘𝑘𝑘𝑘𝑒𝑒  (6) 

 
where 𝑼𝑼𝑒𝑒 = �𝑭𝑭𝑒𝑒𝑇𝑇𝑭𝑭𝑒𝑒.  

The elastic Cauchy-Green deformation tensor 𝑪𝑪𝑒𝑒 can be given by  
 

 𝐶𝐶𝑖𝑖𝑖𝑖𝑒𝑒 = 𝐹𝐹𝑘𝑘𝑘𝑘𝑒𝑒 𝐹𝐹𝑘𝑘𝑘𝑘𝑒𝑒 = 𝑈𝑈𝑙𝑙𝑙𝑙𝑒𝑒𝑈𝑈𝑙𝑙𝑙𝑙𝑒𝑒  (7) 
 
Then, the material time derivative of 𝑪𝑪𝑒𝑒 can be obtained by differentiating Eq. (7) as follows: 
 

 𝐶̇𝐶𝑖𝑖𝑖𝑖𝑒𝑒 = 𝐹̇𝐹𝑘𝑘𝑘𝑘𝑒𝑒 𝐹𝐹𝑘𝑘𝑘𝑘𝑒𝑒 + 𝐹𝐹𝑘𝑘𝑘𝑘𝑒𝑒 𝐹̇𝐹𝑘𝑘𝑘𝑘𝑒𝑒 = 2𝑠𝑠𝑠𝑠𝑠𝑠�𝐹𝐹𝑘𝑘𝑘𝑘𝑒𝑒 𝐹̇𝐹𝑘𝑘𝑘𝑘𝑒𝑒 � = 2𝐸̇𝐸𝑖𝑖𝑖𝑖𝑒𝑒  (8) 
 
where 𝑬̇𝑬𝑒𝑒 represents the rate of elastic strain 𝑬𝑬𝑒𝑒 . 
 
2.2 Nonlocal effective plastic strain and Helmholtz-type partial differential equation 

The IGT is used in this work because of its algorithmic efficiency compared to other gradient-enhanced 
approaches. The nonlocal effective plastic strain 𝜀𝜀𝑝̅𝑝, which indicates a weighted average of the local effective 
plastic strain 𝜀𝜀𝑝𝑝, is introduced and obtained by the following PDE with the material length scale parameter 𝑙𝑙𝑝𝑝:  

 
 𝜀𝜀𝑝̅𝑝 − 𝑙𝑙𝑝𝑝2𝛻𝛻2𝜀𝜀̅𝑝𝑝 = 𝜀𝜀𝑝𝑝 (9) 
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2.3 Coupled thermo-mechanical framework 
 
2.3.1 Principle of virtual power 

The principle of virtual power has been widely employed to formulate a thermodynamically consistent strain 
gradient plasticity theory and to derive the microforce balances, e.g. [17-19]. Song and his co-workers [8-16] have 
also successfully developed the gradient-enhanced models by incorporating the thermal effect based on the 
principle of virtual power to investigate the behavior of small-scale metallic materials. The power expended by 
microstress quantities along with time-based changes in plastic strain and its gradient will be accounted for, which 
naturally leads to a microforce balances that formulate the flow rule by means of thermodynamically consistent 
constitutive equations. In this section, the fully coupled thermo-mechanical theory is formulated by considering a 
nonlocal variable 𝜀𝜀𝑝̅𝑝 in conjunction with the new forms of the dissipation potential and free energy function. 

The elastic deformation power in the deformed state 𝒫𝒫𝑖𝑖𝑖𝑖𝑖𝑖𝑒𝑒  can be given with the Cauchy stress tensor 𝝈𝝈 and the 
deformation rate tensor 𝑫𝑫 by 

 

 𝒫𝒫𝑖𝑖𝑖𝑖𝑖𝑖𝑒𝑒 = � 𝜎𝜎𝑖𝑖𝑖𝑖𝐷𝐷𝑖𝑖𝑖𝑖𝑑𝑑𝑑𝑑
𝛺𝛺�

 (10) 

 
Since 𝝈𝝈 is symmetric, 𝝈𝝈:𝑫𝑫 = 𝝈𝝈: 𝑳𝑳. Then, by using Eq. (4), 𝝈𝝈:𝑳𝑳 = 𝑡𝑡𝑡𝑡 𝝈𝝈𝑭̇𝑭𝑭𝑭−1 = (𝝈𝝈𝑭𝑭−𝑇𝑇): 𝑭̇𝑭. Now, 𝒫𝒫𝑖𝑖𝑖𝑖𝑖𝑖𝑒𝑒  can be 

expressed alternatively by using Eq. (3) as follows: 
 

 𝒫𝒫𝑖𝑖𝑖𝑖𝑖𝑖𝑒𝑒 = � 𝐽𝐽𝜎𝜎𝑖𝑖𝑖𝑖𝐹𝐹𝑗𝑗𝑗𝑗−1�����
𝑃𝑃𝑖𝑖𝑖𝑖≝

𝐹̇𝐹𝑖𝑖𝑖𝑖𝑑𝑑𝛺𝛺0
𝛺𝛺�0

= � 𝑃𝑃𝑖𝑖𝑖𝑖𝐹̇𝐹𝑖𝑖𝑖𝑖𝑑𝑑𝛺𝛺0
𝛺𝛺�0

 (11) 

 
where the non-symmetric first Piola-Kirchhoff stress tensor 𝑷𝑷  can be obtained by performing a Piola 
transformation on the symmetric Cauchy stress tensor 𝝈𝝈. Here, the first Piola-Kirchhoff stress 𝑷𝑷 is defined using 
another stress quantity 𝝈𝝈𝑒𝑒 (hereafter, written as the elastic stress) as follows: 
 

 𝑃𝑃𝑖𝑖𝑖𝑖 ≝ 𝜎𝜎𝑖𝑖𝑖𝑖𝑒𝑒𝐹𝐹𝑗𝑗𝑗𝑗
𝑝𝑝−1 (12) 

 
Moreover, the substitution of Eq. (11) into Eq. (12) gives the following equation for the elastic stress quantity 

𝝈𝝈𝑒𝑒. 
 

 𝜎𝜎𝑖𝑖𝑖𝑖𝑒𝑒 = 𝐽𝐽𝜎𝜎𝑖𝑖𝑖𝑖𝐹𝐹𝑗𝑗𝑗𝑗𝑒𝑒
−1

 (13) 
 
Meanwhile, by using Eqs. (11) and (12), the elastic deformation power is expressed as ∫ 𝜎𝜎𝑖𝑖𝑖𝑖𝑒𝑒 𝐹̇𝐹𝑖𝑖𝑖𝑖𝑒𝑒𝑑𝑑𝛺𝛺0𝛺𝛺�0

. Finally, 
the internal power 𝒫𝒫𝑖𝑖𝑖𝑖𝑖𝑖 can be written with energy contributions as follows:  

 

 𝒫𝒫𝑖𝑖𝑖𝑖𝑖𝑖 = � � 𝜎𝜎𝑖𝑖𝑖𝑖𝑒𝑒 𝐹̇𝐹𝑖𝑖𝑖𝑖𝑒𝑒���
𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀−

+ 𝓍𝓍𝜀𝜀̇𝑝𝑝 + 𝓆𝓆𝜀𝜀̅̇𝑝𝑝 + 𝒬𝒬𝑖𝑖𝜀𝜀 ̅,̇𝑖𝑖
𝑝𝑝

�������������
𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀−

+ 𝒜𝒜𝒯̇𝒯 + ℬ𝑖𝑖𝒯̇𝒯,𝑖𝑖�������
𝑇𝑇ℎ𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒

� 𝑑𝑑𝛺𝛺0
𝛺𝛺�0

 (14) 

 
where 𝛺𝛺�0 is an arbitrary subregion of the reference body 𝛺𝛺0, 𝑭̇𝑭𝑒𝑒 is the elastic distortion rate, 𝓍𝓍, 𝓆𝓆 and 𝓠𝓠 are the 
microscopic stresses conjugate to the local effective plastic strain rate 𝜀𝜀̇𝑝𝑝, nonlocal effective plastic strain rate 𝜀𝜀 ̅̇𝑝𝑝 
and the gradient of 𝜀𝜀 ̅̇𝑝𝑝 respectively. 𝒜𝒜 and 𝓑𝓑 in the last two terms are the generalized stresses and are related to 
the temperature 𝒯𝒯.  

The external power 𝒫𝒫𝑒𝑒𝑒𝑒𝑒𝑒 is given with the generalized external body forces 𝓫𝓫 acting within 𝛺𝛺�0 and the macro-
traction 𝓽𝓽 and micro-traction 𝓂𝓂 on the external surface 𝜕𝜕𝛺𝛺�0 as follows: 

 

 𝒫𝒫𝑒𝑒𝑒𝑒𝑒𝑒 = � �𝒷𝒷𝑖𝑖ℳ̇𝑖𝑖���
𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀−

� 𝑑𝑑𝛺𝛺0
𝛺𝛺�0

+ � � 𝓉𝓉𝑖𝑖ℳ̇𝑖𝑖�
𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀−

+ 𝓂𝓂𝜀𝜀̅̇𝑝𝑝�
𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀−

+ 𝒶𝒶𝒯̇𝒯�
𝑇𝑇ℎ𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒

� 𝑑𝑑𝑆𝑆0
𝜕𝜕𝛺𝛺�0

 (15) 

 
For the thermal effect, the external virtual power is assumed to have the term of 𝒶𝒶 conjugate to 𝒯̇𝒯. 

Meanwhile, by the assumption of the irrotational plastic flow (𝑾𝑾𝑝𝑝 = 𝟎𝟎) and the definition of the mapping 
function 𝓜𝓜(𝑿𝑿, 𝑡𝑡), Eq. (4) can be expressed as 
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 ℳ̇𝑖𝑖,𝑘𝑘𝐹𝐹𝑘𝑘𝑘𝑘−1 = 𝐹̇𝐹𝑖𝑖𝑖𝑖𝑒𝑒 𝐹𝐹𝑘𝑘𝑘𝑘𝑒𝑒
−1 + 𝐹𝐹𝑖𝑖𝑖𝑖𝑒𝑒 𝐷𝐷𝑘𝑘𝑘𝑘

𝑝𝑝 𝐹𝐹𝑚𝑚𝑚𝑚𝑒𝑒
−1

 (16) 
 
Using the assumption that 𝜀𝜀𝑝𝑝  evolves along the plastic stretch, i.e. 𝜀𝜀̇𝑝𝑝 = �𝐷𝐷𝑖𝑖𝑖𝑖

𝑝𝑝 �  with an initial condition 
𝜀𝜀𝑝𝑝(𝑿𝑿, 0) = 0  and the definition of the plastic flow direction by 𝑁𝑁𝑖𝑖𝑖𝑖

𝑝𝑝 = 𝐷𝐷𝑖𝑖𝑖𝑖
𝑝𝑝 �𝐷𝐷𝑖𝑖𝑖𝑖

𝑝𝑝 �� = 𝑀𝑀�𝑖𝑖𝑖𝑖𝑒𝑒 �𝑀𝑀�𝑖𝑖𝑖𝑖𝑒𝑒 ��  with whenever 
�𝐷𝐷𝑖𝑖𝑖𝑖

𝑝𝑝 � ≠ 0, Eq. (16) can be expressed as 
 

 ℳ̇𝑖𝑖,𝑘𝑘𝐹𝐹𝑘𝑘𝑘𝑘−1 = 𝐹̇𝐹𝑖𝑖𝑖𝑖𝑒𝑒 𝐹𝐹𝑘𝑘𝑘𝑘𝑒𝑒
−1 + 𝜀𝜀̇𝑝𝑝𝐹𝐹𝑖𝑖𝑖𝑖𝑒𝑒 𝑁𝑁𝑘𝑘𝑘𝑘

𝑝𝑝 𝐹𝐹𝑚𝑚𝑚𝑚𝑒𝑒
−1

 (17) 
 
In the definition of the plastic flow direction 𝑵𝑵𝑝𝑝 , the term 𝑴𝑴𝑒𝑒  represents the elastic Mandel stress and is 

expressed later by Eqs. (34) and (37). 𝑴𝑴� 𝑒𝑒 is the deviatoric part of the Mandel stress, i.e. 𝑀𝑀�𝑖𝑖𝑖𝑖𝑒𝑒 = 𝑀𝑀𝑖𝑖𝑖𝑖
𝑒𝑒 − 𝑀𝑀𝑘𝑘𝑘𝑘

𝑒𝑒 𝛿𝛿𝑖𝑖𝑖𝑖 3⁄ . 
By considering 𝓜𝓜, 𝑭̇𝑭𝑒𝑒, 𝜀𝜀̇𝑝𝑝, 𝜀𝜀 ̅̇𝑝𝑝 and 𝑇̇𝑇 as the virtual velocity fields with the variations of 𝛿𝛿𝓜𝓜, 𝛿𝛿𝑭𝑭𝑒𝑒, 𝛿𝛿𝛿𝛿𝑝𝑝, 𝛿𝛿𝜀𝜀𝑝̅𝑝 

and 𝛿𝛿𝛿𝛿 respectively, the internal and external parts of the virtual power are written from Eqs. (14) and (15) as 
follows: 

 

 𝒫𝒫𝑖𝑖𝑖𝑖𝑖𝑖𝑣𝑣𝑣𝑣𝑣𝑣 = � �𝜎𝜎𝑖𝑖𝑖𝑖𝑒𝑒𝛿𝛿𝐹𝐹𝑖𝑖𝑖𝑖𝑒𝑒 + 𝓍𝓍𝓍𝓍𝜀𝜀𝑝𝑝 + 𝓆𝓆𝓆𝓆𝜀𝜀𝑝̅𝑝 + 𝒬𝒬𝑖𝑖𝛿𝛿𝜀𝜀,̅𝑖𝑖
𝑝𝑝 + 𝒜𝒜𝒜𝒜𝒜𝒜 + ℬ𝑖𝑖𝛿𝛿𝑇𝑇,𝑖𝑖�𝑑𝑑𝛺𝛺0

𝛺𝛺�0
 (18) 

 𝒫𝒫𝑒𝑒𝑒𝑒𝑒𝑒𝑣𝑣𝑣𝑣𝑣𝑣 = � (𝒷𝒷𝑖𝑖𝛿𝛿ℳ𝑖𝑖)𝑑𝑑𝛺𝛺0
𝛺𝛺�0

+ � (𝓉𝓉𝑖𝑖𝛿𝛿ℳ𝑖𝑖 + 𝓂𝓂𝓂𝓂𝜀𝜀𝑝̅𝑝 + 𝒶𝒶𝒶𝒶𝒶𝒶)𝑑𝑑𝑆𝑆0
𝜕𝜕𝛺𝛺�0

 (19) 

 
and Eq. (17) becomes 
 

 𝛿𝛿ℳ𝑖𝑖,𝑘𝑘𝐹𝐹𝑘𝑘𝑘𝑘−1 = 𝛿𝛿𝐹𝐹𝑖𝑖𝑖𝑖𝑒𝑒 𝐹𝐹𝑘𝑘𝑘𝑘𝑒𝑒
−1 + 𝛿𝛿𝜀𝜀𝑝𝑝𝐹𝐹𝑖𝑖𝑖𝑖𝑒𝑒 𝑁𝑁𝑘𝑘𝑘𝑘

𝑝𝑝 𝐹𝐹𝑚𝑚𝑚𝑚𝑒𝑒
−1

 (20) 
 
The following relation is established in an arbitrary subregion 𝛺𝛺�0 by the fundamental statement of the principle 

of virtual power: 
 

 𝒫𝒫𝑖𝑖𝑖𝑖𝑖𝑖𝑣𝑣𝑣𝑣𝑣𝑣 = 𝒫𝒫𝑒𝑒𝑒𝑒𝑒𝑒𝑣𝑣𝑣𝑣𝑣𝑣 (21) 
 
2.3.2 Objectivity of the internal power 

Substituting Eq. (2) into the equations, 𝐹𝐹𝑖𝑖𝑖𝑖′ = 𝑅𝑅𝑖𝑖𝑖𝑖𝐹𝐹𝑘𝑘𝑘𝑘 where 𝑹𝑹 is the rotational transformation matrix, gives 
 

 𝐹𝐹𝑖𝑖𝑖𝑖𝑒𝑒
′𝐹𝐹𝑘𝑘𝑘𝑘

𝑝𝑝 ′ = 𝑅𝑅𝑖𝑖𝑖𝑖𝐹𝐹𝑘𝑘𝑘𝑘𝑒𝑒 𝐹𝐹𝑙𝑙𝑙𝑙
𝑝𝑝 (22) 

 
The reference and intermediate states are independent of the changes in frame, 
 

 𝐹𝐹𝑖𝑖𝑖𝑖𝑒𝑒
′ = 𝑅𝑅𝑖𝑖𝑖𝑖𝐹𝐹𝑘𝑘𝑘𝑘𝑒𝑒  (23) 

 
and 𝑭𝑭𝑝𝑝 is objective. Differentiating Eq. (23) gives 
 

 𝐹̇𝐹𝑖𝑖𝑖𝑖𝑒𝑒
′ = 𝑅̇𝑅𝑖𝑖𝑖𝑖𝐹𝐹𝑘𝑘𝑘𝑘𝑒𝑒 + 𝑅𝑅𝑖𝑖𝑖𝑖𝐹̇𝐹𝑘𝑘𝑘𝑘𝑒𝑒  (24) 

 
Similarly, 𝑳𝑳𝑝𝑝, 𝑫𝑫𝑝𝑝, 𝑼𝑼𝑒𝑒 (hence 𝑬𝑬𝑒𝑒) and 𝑪𝑪𝑒𝑒 are objective under a change in frame. This consequence of frame 

invariance is reserved for later use. Now, assume that 𝒫𝒫𝑖𝑖𝑖𝑖𝑖𝑖𝑣𝑣𝑣𝑣𝑣𝑣
′ = 𝒫𝒫𝑖𝑖𝑖𝑖𝑖𝑖𝑣𝑣𝑣𝑣𝑣𝑣 . Under a change in frame, 𝓍𝓍, 𝓆𝓆, 𝒜𝒜, 𝛿𝛿𝛿𝛿𝑝𝑝, 𝛿𝛿𝜀𝜀𝑝̅𝑝 

and 𝛿𝛿𝛿𝛿 in Eq. (18) are invariant because all of these terms are scalar fields. 𝛿𝛿𝜀𝜀,̅𝑖𝑖
𝑝𝑝 and 𝛿𝛿𝒯𝒯,𝑖𝑖 also remain unchanged 

since they are a gradient of 𝛿𝛿𝛿𝛿𝑝𝑝 and 𝛿𝛿𝛿𝛿 in the reference state. On the other hand, 𝝈𝝈𝑒𝑒, 𝓠𝓠 and 𝓑𝓑 are converted to 𝝈𝝈𝑒𝑒′, 
𝑹𝑹′ and 𝓑𝓑′ respectively, and using Eq. (24), 𝛿𝛿𝑭𝑭𝑒𝑒 is converted to 

 
 𝛿𝛿𝐹𝐹𝑖𝑖𝑖𝑖𝑒𝑒

′ = 𝑅̇𝑅𝑖𝑖𝑖𝑖𝐹𝐹𝑘𝑘𝑘𝑘𝑒𝑒 + 𝑅𝑅𝑖𝑖𝑖𝑖𝛿𝛿𝐹𝐹𝑘𝑘𝑗𝑗𝑒𝑒 = 𝑅𝑅𝑖𝑖𝑖𝑖�𝑅𝑅𝑘𝑘𝑘𝑘𝑅̇𝑅𝑖𝑖𝑖𝑖𝐹𝐹𝑘𝑘𝑘𝑘𝑒𝑒 + 𝛿𝛿𝐹𝐹𝑘𝑘𝑘𝑘𝑒𝑒 � (25) 
 
From the assumption 𝒫𝒫𝑖𝑖𝑖𝑖𝑖𝑖𝑣𝑣𝑣𝑣𝑣𝑣

′ = 𝒫𝒫𝑖𝑖𝑖𝑖𝑖𝑖𝑣𝑣𝑣𝑣𝑣𝑣 , it can be easily shown that the stress quantities 𝒬𝒬𝑖𝑖 and ℬ𝑖𝑖  are invariant. 
Under the assumption that 𝑹𝑹 is an arbitrary time-independent transformation (𝑹̇𝑹 = 𝟎𝟎), the transformation of 𝝈𝝈𝑒𝑒 
can be obtained by 
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 𝜎𝜎𝑖𝑖𝑖𝑖𝑒𝑒
′ = 𝑅𝑅𝑖𝑖𝑖𝑖𝜎𝜎𝑘𝑘𝑘𝑘𝑒𝑒  (26) 

 
On the other hand, if one assumes 𝑹𝑹 = 𝑰𝑰, after some algebraic manipulation, the following equation is obtained: 
 

 𝜎𝜎𝑖𝑖𝑖𝑖𝑒𝑒𝐹𝐹𝑗𝑗𝑗𝑗𝑒𝑒 𝑅̇𝑅𝑖𝑖𝑖𝑖 = 0 (27) 
 
which indicates that 𝝈𝝈𝑒𝑒𝑭𝑭𝑒𝑒𝑇𝑇 = 𝑭𝑭𝑒𝑒𝝈𝝈𝑒𝑒𝑇𝑇. 

 
2.3.3 Balance equations 

By assuming 𝛿𝛿𝜀𝜀𝑝̅𝑝 = 0 and 𝛿𝛿𝜀𝜀𝑝𝑝 = 0, and using the description of the tensor 𝑷𝑷 given in Eq. (11), the equations 
for the local macroscopic surface traction conditions, the balance of the macroscopic linear momentum and the 
balance of the generalized stresses 𝒜𝒜 and 𝓑𝓑 (under equilibrium) can be represented respectively as follows: 

 
 𝓉𝓉𝑖𝑖 = 𝑃𝑃𝑖𝑖𝑖𝑖𝑛𝑛𝑗𝑗 (28) 

 𝑃𝑃𝑖𝑖𝑖𝑖,𝑗𝑗 + 𝒷𝒷𝑖𝑖 = 0𝑖𝑖 (29) 

 𝒶𝒶 = ℬ𝑖𝑖𝑛𝑛𝑖𝑖 (30) 

 ℬ𝑖𝑖,𝑖𝑖 − 𝒜𝒜 = 0 (31) 
 
where 𝒏𝒏 is the outward unit normal vector to 𝜕𝜕𝛺𝛺�0.  

Next, by assuming 𝛿𝛿𝓜𝓜 = 𝟎𝟎, 𝛿𝛿𝜀𝜀𝑝𝑝 = 0 and 𝛿𝛿𝛿𝛿 = 0, and after some algebraic manipulations, the equations for 
the first microscopic force balance and the nonlocal microscopic traction conditions are given by 

 
 𝒬𝒬𝑖𝑖,𝑖𝑖 − 𝓆𝓆 = 0 (32) 
 𝓂𝓂 = 𝒬𝒬𝑖𝑖𝑛𝑛𝑖𝑖 (33) 

 
Lastly, by assuming 𝛿𝛿𝓜𝓜 = 𝟎𝟎, 𝛿𝛿𝜀𝜀𝑝̅𝑝 = 0 and 𝛿𝛿𝛿𝛿 = 0, and defining 
 

 𝑀𝑀𝑖𝑖𝑖𝑖
𝑒𝑒 ≝ 𝐹𝐹𝑖𝑖𝑖𝑖𝑒𝑒 𝜎𝜎𝑘𝑘𝑘𝑘𝑒𝑒  (34) 

 𝜎𝜎� ≝ 𝑀𝑀�𝑖𝑖𝑖𝑖𝑒𝑒 𝑁𝑁𝑖𝑖𝑖𝑖
𝑝𝑝 = �𝑀𝑀�𝑖𝑖𝑖𝑖𝑒𝑒 � (35) 

 
 The second microscopic force balance can be obtained by 
 

 𝓍𝓍 = 𝜎𝜎� (36) 
 
where 𝑴𝑴𝑒𝑒 represents the elastic Mandel stress, which is given by 
 

 𝑀𝑀𝑖𝑖𝑖𝑖
𝑒𝑒 = 𝐽𝐽𝐹𝐹𝑘𝑘𝑘𝑘𝑒𝑒 𝜎𝜎𝑘𝑘𝑘𝑘𝐹𝐹𝑗𝑗𝑗𝑗𝑒𝑒

−1
 (37) 

 
𝜎𝜎� denotes an equivalent tensile stress. For more details about this section. 
 
2.3.4 Laws of thermodynamics 

The first law of thermodynamics is employed in this work as follows: 
 

 𝜌𝜌ℯ̇ = 𝜎𝜎𝑖𝑖𝑖𝑖𝑒𝑒 𝐹̇𝐹𝑖𝑖𝑖𝑖𝑒𝑒 + 𝓍𝓍𝜀𝜀̇𝑝𝑝 + 𝓆𝓆𝜀𝜀̅̇𝑝𝑝 + 𝒬𝒬𝑖𝑖𝜀𝜀 ̅,̇𝑖𝑖
𝑝𝑝 + 𝒜𝒜𝒯̇𝒯 + ℬ𝑖𝑖𝒯̇𝒯,𝑖𝑖 − 𝑞𝑞𝑖𝑖,𝑖𝑖 + 𝜌𝜌ℋ𝐸𝐸𝐸𝐸𝐸𝐸  (38) 

 
where the terms 𝒒𝒒, 𝜌𝜌, ℯ and ℋ𝐸𝐸𝐸𝐸𝐸𝐸  denote the thermal flux vector, spatial mass density, specific internal energy, 
and specific heat from the external source respectively. The entropy production inequality is formulated from the 
second law as follows: 
 

 − 𝜌𝜌ℯ̇ + 𝜌𝜌𝓈𝓈̇𝒯𝒯 + 𝜎𝜎𝑖𝑖𝑖𝑖𝑒𝑒 𝐹̇𝐹𝑖𝑖𝑖𝑖𝑒𝑒 + 𝓍𝓍𝜀𝜀̇𝑝𝑝 + 𝓆𝓆𝜀𝜀̅̇𝑝𝑝 + 𝒬𝒬𝑖𝑖𝜀𝜀 ̅,̇𝑖𝑖
𝑝𝑝 + 𝒜𝒜𝒯̇𝒯 + ℬ𝑖𝑖𝒯̇𝒯,𝑖𝑖 − 𝑞𝑞𝑖𝑖

𝒯𝒯,𝑖𝑖

𝒯𝒯
≥ 0 (39) 

 
where 𝓈𝓈 denotes the specific entropy.  
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2.4 Thermodynamic forces: energetic and dissipative 
The following Clausius-Duhem inequality is formulated by equating the time derivative of the Helmholtz free 

energy (per unit volume), 𝛹𝛹 = ℯ − 𝒯𝒯𝒯𝒯, into Eq. (39). 
 

 𝜎𝜎𝑖𝑖𝑖𝑖𝑒𝑒 𝐹̇𝐹𝑖𝑖𝑖𝑖𝑒𝑒 + 𝓍𝓍𝜀𝜀̇𝑝𝑝 + 𝓆𝓆𝜀𝜀̅̇𝑝𝑝 + 𝒬𝒬𝑖𝑖𝜀𝜀 ̅,̇𝑖𝑖
𝑝𝑝 + 𝒜𝒜𝒯̇𝒯 + ℬ𝑖𝑖𝒯̇𝒯,𝑖𝑖 − 𝜌𝜌𝛹̇𝛹 − 𝜌𝜌𝜌𝜌𝒯̇𝒯 − 𝑞𝑞𝑖𝑖

𝒯𝒯,𝑖𝑖

𝒯𝒯
≥ 0 (40) 

 
From Eqs. (24) and (26), both 𝝈𝝈𝑒𝑒 and 𝑭̇𝑭𝑒𝑒 are not objective under a change in frame. Thus, the elastic stress 

power is most conveniently represented through the objective elastic stress rate 𝑬̇𝑬𝑒𝑒. To accompany this, the second 
Piola-Kirchhoff elastic stress 𝑷𝑷𝑒𝑒 is defined such as 

 
 𝑃𝑃𝑖𝑖𝑖𝑖𝑒𝑒 ≝ 𝐽𝐽𝐹𝐹𝑖𝑖𝑖𝑖𝑒𝑒

−1𝜎𝜎𝑘𝑘𝑘𝑘𝐹𝐹𝑗𝑗𝑗𝑗𝑒𝑒
−1

 (41) 
 
Accordingly, by Eq. (13), 𝑷𝑷𝑒𝑒 can be expressed with 𝝈𝝈𝑒𝑒 as 
 

 𝑃𝑃𝑖𝑖𝑖𝑖𝑒𝑒 = 𝐹𝐹𝑖𝑖𝑖𝑖𝑒𝑒
−1𝜎𝜎𝑘𝑘𝑘𝑘𝑒𝑒  (42) 

 
Note that by using the definitions of 𝑴𝑴𝑒𝑒  and 𝑷𝑷𝑒𝑒  given respectively in Eqs. (37) and (41), the relationship 

between 𝑴𝑴𝑒𝑒 and 𝑷𝑷𝑒𝑒 can be obtained by 
 

 𝑀𝑀𝑖𝑖𝑖𝑖
𝑒𝑒 = 𝐶𝐶𝑖𝑖𝑖𝑖𝑒𝑒 𝑃𝑃𝑘𝑘𝑘𝑘𝑒𝑒  (43) 

 
Eqs. (23), (26), (27) and (42) yield that 𝑷𝑷𝑒𝑒 is symmetric and objective under a change in frame. Finally, the 

elastic stress power 𝝈𝝈𝑒𝑒: 𝑭̇𝑭𝑒𝑒 can be converted to the new form with the objective tensors 𝑷𝑷𝑒𝑒 and 𝑬̇𝑬𝑒𝑒 as follows: 
 

 𝜎𝜎𝑖𝑖𝑖𝑖𝑒𝑒 𝐹̇𝐹𝑖𝑖𝑖𝑖𝑒𝑒 = 𝐹𝐹𝑖𝑖𝑖𝑖𝑒𝑒 𝑃𝑃𝑘𝑘𝑘𝑘𝑒𝑒 𝐹̇𝐹𝑖𝑖𝑖𝑖𝑒𝑒 = 𝑃𝑃𝑘𝑘𝑘𝑘𝑒𝑒 �𝐹𝐹𝑘𝑘𝑘𝑘𝑒𝑒 𝐹̇𝐹𝑖𝑖𝑖𝑖𝑒𝑒� = 𝑃𝑃𝑘𝑘𝑘𝑘𝑒𝑒 𝐸̇𝐸𝑘𝑘𝑘𝑘𝑒𝑒  (44) 
 
Substituting Eq. (44) into Eq. (40) gives that 
 

 𝑃𝑃𝑖𝑖𝑖𝑖𝑒𝑒 𝐸̇𝐸𝑖𝑖𝑖𝑖𝑒𝑒 + 𝓍𝓍𝜀𝜀̇𝑝𝑝 + 𝓆𝓆𝜀𝜀̅̇𝑝𝑝 + 𝒬𝒬𝑖𝑖𝜀𝜀 ̅,̇𝑖𝑖
𝑝𝑝 + 𝒜𝒜𝒯̇𝒯 + ℬ𝑖𝑖𝒯̇𝒯,𝑖𝑖 − 𝜌𝜌𝛹̇𝛹 − 𝜌𝜌𝜌𝜌𝒯̇𝒯 − 𝑞𝑞𝑖𝑖

𝒯𝒯,𝑖𝑖

𝒯𝒯
≥ 0 (45) 

 
Meanwhile, to model the small-scale phenomena including the effect of size on the material mechanical 

properties and the width of the localization zones in the softening media in the localized region, an attempt is made 
in this work to account for the effect of nonuniform distribution of microdefects on the homogenized response of 
the material. The functional form of the Helmholtz free energy 𝛹𝛹 in terms of its state variables is defined as 

 
 𝛹𝛹 = 𝛹𝛹�𝐸𝐸𝑖𝑖𝑖𝑖𝑒𝑒 , 𝜀𝜀𝑝𝑝, 𝜀𝜀𝑝̅𝑝, 𝜀𝜀,̅𝑖𝑖

𝑝𝑝,𝒯𝒯,𝒯𝒯,𝑖𝑖� (46) 
 
where 𝛹𝛹 is assumed to be a smooth function. 

Note that the plastic dissipation work must be non-negative in the development process of the constitutive 
equations. By using Eqs. (45) and (46), one can obtain the following inequality: 

 

 
�𝑃𝑃𝑖𝑖𝑖𝑖𝑒𝑒 − 𝜌𝜌

𝜕𝜕𝜕𝜕
𝜕𝜕𝐸𝐸𝑖𝑖𝑖𝑖𝑒𝑒

� 𝐸̇𝐸𝑖𝑖𝑖𝑖𝑒𝑒 + �𝓍𝓍 − 𝜌𝜌
𝜕𝜕𝜕𝜕
𝜕𝜕𝜀𝜀𝑝𝑝

� 𝜀𝜀̇𝑝𝑝 + �𝓆𝓆 − 𝜌𝜌
𝜕𝜕𝜕𝜕
𝜕𝜕𝜀𝜀𝑝̅𝑝

� 𝜀𝜀 ̅̇𝑝𝑝 + �𝒬𝒬𝑖𝑖 − 𝜌𝜌
𝜕𝜕𝜕𝜕
𝜕𝜕𝜀𝜀,̅𝑖𝑖

𝑝𝑝� 𝜀𝜀 ̅,̇𝑖𝑖
𝑝𝑝

+ �𝒜𝒜 − 𝜌𝜌𝜌𝜌 − 𝜌𝜌
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

� 𝒯̇𝒯 + �ℬ𝑖𝑖 − 𝜌𝜌
𝜕𝜕𝜕𝜕
𝜕𝜕𝒯𝒯,𝑖𝑖

� 𝒯̇𝒯,𝑖𝑖 −
𝑞𝑞𝑖𝑖
𝒯𝒯
𝒯𝒯,𝑖𝑖 ≥ 0 

(47) 

 
One now assumes that the thermodynamic conjugate microstress quantities 𝓍𝓍, 𝓆𝓆, 𝒬𝒬𝑖𝑖 and 𝒜𝒜 are decomposed 

into the energetic and the dissipative components [8, 10, 14, 19, 20]. 
 

 𝓍𝓍 = 𝓍𝓍𝑒𝑒𝑒𝑒 + 𝓍𝓍𝑑𝑑𝑑𝑑𝑑𝑑;  𝓆𝓆 = 𝓆𝓆𝑒𝑒𝑒𝑒 + 𝓆𝓆𝑑𝑑𝑑𝑑𝑑𝑑;  𝒬𝒬𝑖𝑖 = 𝒬𝒬𝑖𝑖𝑒𝑒𝑒𝑒 + 𝒬𝒬𝑖𝑖𝑑𝑑𝑑𝑑𝑑𝑑;  𝒜𝒜 = 𝒜𝒜𝑒𝑒𝑒𝑒 + 𝒜𝒜𝑑𝑑𝑑𝑑𝑑𝑑 (48) 
 
By using Eqs. (47) and (48), the energetic microstresses are defined as follows: 
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 𝑃𝑃𝑖𝑖𝑖𝑖𝑒𝑒 = 𝜌𝜌
𝜕𝜕𝜕𝜕
𝜕𝜕𝐸𝐸𝑖𝑖𝑗𝑗𝑒𝑒

;  𝓍𝓍𝑒𝑒𝑒𝑒 = 𝜌𝜌
𝜕𝜕𝜕𝜕
𝜕𝜕𝜀𝜀𝑝𝑝

: 𝓆𝓆𝑒𝑒𝑒𝑒 = 𝜌𝜌
𝜕𝜕𝜕𝜕
𝜕𝜕𝜀𝜀𝑝̅𝑝

;  𝒬𝒬𝑖𝑖𝑒𝑒𝑒𝑒 = 𝜌𝜌
𝜕𝜕𝜕𝜕
𝜕𝜕𝜀𝜀,̅𝑖𝑖

𝑝𝑝 ;  𝒜𝒜𝑒𝑒𝑒𝑒 = 𝜌𝜌 �𝓈𝓈 +
𝜕𝜕𝜕𝜕
𝜕𝜕𝜕𝜕

� ;  ℬ𝑖𝑖 = 𝜌𝜌
𝜕𝜕𝜕𝜕
𝜕𝜕𝒯𝒯,𝑖𝑖

 (49) 

 
Therefore the dissipation potential 𝒟𝒟 can be obtained as 
 

 𝒟𝒟 = 𝓍𝓍𝑑𝑑𝑑𝑑𝑑𝑑𝜀𝜀̇𝑝𝑝 + 𝓆𝓆𝑑𝑑𝑑𝑑𝑑𝑑𝜀𝜀 ̅̇𝑝𝑝 + 𝒬𝒬𝑖𝑖𝑑𝑑𝑑𝑑𝑑𝑑𝜀𝜀 ̅,̇𝑖𝑖
𝑝𝑝 + 𝒜𝒜𝑑𝑑𝑑𝑑𝑑𝑑𝒯̇𝒯 −

𝑞𝑞𝑖𝑖
𝒯𝒯
𝒯𝒯,𝑖𝑖 ≥ 0 (50) 

 
The dissipative microstresses can then be obtained from 𝒟𝒟 = 𝒟𝒟�𝜀𝜀̇𝑝𝑝, 𝜀𝜀 ̅̇𝑝𝑝, 𝜀𝜀 ̅,̇𝑖𝑖

𝑝𝑝, 𝒯̇𝒯,𝒯𝒯,𝑖𝑖� as follows: 
 

 𝓍𝓍𝑑𝑑𝑑𝑑𝑑𝑑 =
𝜕𝜕𝜕𝜕
𝜕𝜕𝜀𝜀̇𝑝𝑝

: 𝓆𝓆𝑑𝑑𝑑𝑑𝑑𝑑 =
𝜕𝜕𝜕𝜕
𝜕𝜕𝜀𝜀̅̇𝑝𝑝

;  𝒬𝒬𝑖𝑖𝑑𝑑𝑑𝑑𝑑𝑑 =
𝜕𝜕𝜕𝜕
𝜕𝜕𝜀𝜀̅,̇𝑖𝑖

𝑝𝑝 ;  𝒜𝒜𝑑𝑑𝑑𝑑𝑑𝑑 =
𝜕𝜕𝜕𝜕
𝜕𝜕𝒯̇𝒯

;  −
𝑞𝑞𝑖𝑖
𝒯𝒯

=
𝜕𝜕𝜕𝜕
𝜕𝜕𝒯𝒯,𝑖𝑖

 (51) 

 
2.5 Helmholtz free energy and energetic thermodynamic forces 

The free energy per unit volume in this work consists of three parts, elastic 𝛹𝛹𝑒𝑒, defect 𝛹𝛹𝑑𝑑 and thermal 𝛹𝛹𝒯𝒯, as 
follows: 

 
 𝛹𝛹�𝐸𝐸𝑖𝑖𝑖𝑖𝑒𝑒 , 𝜀𝜀𝑝𝑝, 𝜀𝜀𝑝̅𝑝, 𝜀𝜀,̅𝑖𝑖

𝑝𝑝,𝒯𝒯,𝒯𝒯,𝑖𝑖� = 𝛹𝛹𝑒𝑒�𝐸𝐸𝑖𝑖𝑖𝑖𝑒𝑒 ,𝒯𝒯� + 𝛹𝛹𝑑𝑑�𝜀𝜀𝑝𝑝, 𝜀𝜀𝑝̅𝑝, 𝜀𝜀,̅𝑖𝑖
𝑝𝑝,𝒯𝒯� + 𝛹𝛹𝒯𝒯�𝒯𝒯,𝒯𝒯,𝑖𝑖� (52) 

 
2.5.1 Elastic free energy  

The constitutive equations take a special form when the continuum is isotropic in the undeformed state. In such 
a case, the elastic free energy density function 𝛹𝛹𝑒𝑒 depends on 𝑬𝑬𝑒𝑒  through a set of the principal invariants of 𝑪𝑪𝑒𝑒 
such as  

 
 𝛹𝛹𝑒𝑒 = 𝛹𝛹�𝑒𝑒(𝐼𝐼𝐶𝐶 , 𝐼𝐼𝐼𝐼𝐶𝐶 , 𝐼𝐼𝐼𝐼𝐼𝐼𝐶𝐶 ,𝒯𝒯) = 𝛹𝛹�𝑒𝑒(𝜆𝜆1𝑒𝑒 , 𝜆𝜆2𝑒𝑒 , 𝜆𝜆3𝑒𝑒 ,𝒯𝒯) = 𝛹𝛹�𝑒𝑒(𝐸𝐸1𝑒𝑒 ,𝐸𝐸2𝑒𝑒 ,𝐸𝐸3𝑒𝑒 ,𝒯𝒯) (53) 

 
where 𝜆𝜆𝛼𝛼𝑒𝑒  and 𝐸𝐸𝛼𝛼𝑒𝑒  (𝛼𝛼 = 1,2,3) indicate the eigenvalues of 𝑼𝑼𝑒𝑒  and 𝑬𝑬𝑒𝑒  respectively, and the invariants 𝐼𝐼𝐶𝐶 , 𝐼𝐼𝐼𝐼𝐶𝐶  and 
𝐼𝐼𝐼𝐼𝐼𝐼𝐶𝐶  are given by 
 

 

𝐼𝐼𝐶𝐶 = 𝑡𝑡𝑡𝑡 𝑪𝑪𝑒𝑒 = 𝐶𝐶𝑘𝑘𝑘𝑘𝑒𝑒  

𝐼𝐼𝐼𝐼𝐶𝐶 =
1
2
�(𝑡𝑡𝑡𝑡 𝑪𝑪𝑒𝑒)2 − 𝑡𝑡𝑡𝑡 𝑪𝑪𝑒𝑒2� =

1
2
�𝐶𝐶𝑖𝑖𝑖𝑖𝑒𝑒𝐶𝐶𝑗𝑗𝑗𝑗𝑒𝑒 − 𝐶𝐶𝑖𝑖𝑖𝑖𝑒𝑒𝐶𝐶𝑗𝑗𝑗𝑗𝑒𝑒� 

𝐼𝐼𝐼𝐼𝐼𝐼𝐶𝐶 = 𝑑𝑑𝑑𝑑𝑑𝑑 𝑪𝑪𝑒𝑒 =
1
6
𝜖𝜖𝑖𝑖𝑖𝑖𝑖𝑖𝜖𝜖𝑙𝑙𝑙𝑙𝑙𝑙𝐶𝐶𝑖𝑖𝑖𝑖𝑒𝑒𝐶𝐶𝑗𝑗𝑗𝑗𝑒𝑒 𝐶𝐶𝑘𝑘𝑘𝑘𝑒𝑒  

(54) 

 
The spectral decompositions of 𝑪𝑪𝑒𝑒 and 𝑼𝑼𝑒𝑒 are given by  
 

 𝑪𝑪𝑒𝑒 = �𝜆𝜆𝛼𝛼𝑒𝑒
2𝑵𝑵𝛼𝛼

𝑒𝑒⨂𝑵𝑵𝛼𝛼
𝑒𝑒

3

𝛼𝛼=1

 (55) 

 𝑼𝑼𝑒𝑒 = �𝜆𝜆𝛼𝛼𝑒𝑒𝑵𝑵𝛼𝛼
𝑒𝑒⨂𝑵𝑵𝛼𝛼

𝑒𝑒
3

𝛼𝛼=1

 (56) 

 
where 𝑵𝑵𝛼𝛼

𝑒𝑒  (𝛼𝛼 = 1,2,3) are the orthonormal eigenvectors of 𝑪𝑪𝑒𝑒. 
Applying the chain rule to Eq. (49)1 gives 𝑷𝑷𝑒𝑒 as 
 

 𝑷𝑷𝑒𝑒 = 𝜌𝜌
𝜕𝜕𝛹𝛹𝑒𝑒

𝜕𝜕𝑬𝑬𝑒𝑒
= 𝜌𝜌�

𝜕𝜕𝛹𝛹�𝑒𝑒(𝜆𝜆1𝑒𝑒 , 𝜆𝜆2𝑒𝑒 , 𝜆𝜆3𝑒𝑒 ,𝒯𝒯)
𝜕𝜕𝜆𝜆𝛼𝛼𝑒𝑒

𝜕𝜕𝜆𝜆𝛼𝛼𝑒𝑒

𝜕𝜕𝑪𝑪𝑒𝑒
𝜕𝜕𝑪𝑪𝑒𝑒

𝜕𝜕𝑬𝑬𝑒𝑒

3

𝛼𝛼=1

 (57) 

 
Using the relation 𝑪𝑪𝑒𝑒 = 2𝑬𝑬𝑒𝑒 + 𝑰𝑰  and the derivatives of the stretch 𝜆𝜆𝛼𝛼𝑒𝑒  with respect to 𝑪𝑪𝑒𝑒 , i.e. 𝜕𝜕𝜆𝜆𝛼𝛼𝑒𝑒 𝜕𝜕𝑪𝑪𝑒𝑒⁄ =

(1 2𝜆𝜆𝛼𝛼𝑒𝑒⁄ )𝑵𝑵𝛼𝛼
𝑒𝑒⨂𝑵𝑵𝛼𝛼

𝑒𝑒 , Eq. (57) becomes 
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 𝑷𝑷𝑒𝑒 = 2𝜌𝜌�
𝜕𝜕𝛹𝛹�𝑒𝑒(𝜆𝜆1𝑒𝑒 , 𝜆𝜆2𝑒𝑒 , 𝜆𝜆3𝑒𝑒 ,𝒯𝒯)

𝜕𝜕𝜆𝜆𝛼𝛼𝑒𝑒
𝜕𝜕𝜆𝜆𝛼𝛼𝑒𝑒

𝜕𝜕𝑪𝑪𝑒𝑒

3

𝛼𝛼=1

= 𝜌𝜌�
1
𝜆𝜆𝛼𝛼𝑒𝑒
𝜕𝜕𝛹𝛹�𝑒𝑒(𝜆𝜆1𝑒𝑒 , 𝜆𝜆2𝑒𝑒 , 𝜆𝜆3𝑒𝑒 ,𝒯𝒯)

𝜕𝜕𝜆𝜆𝛼𝛼𝑒𝑒
𝑵𝑵𝛼𝛼
𝑒𝑒⨂𝑵𝑵𝛼𝛼

𝑒𝑒
3

𝛼𝛼=1

 (58) 

 
Next, substituting Eqs. (55) and (58) into Eq. (43) gives the following equation of the elastic Mandel stress. 
 

 𝑴𝑴𝑒𝑒 = 𝜌𝜌�𝜆𝜆𝛼𝛼𝑒𝑒
𝜕𝜕𝛹𝛹�𝑒𝑒(𝜆𝜆1𝑒𝑒 , 𝜆𝜆2𝑒𝑒 , 𝜆𝜆3𝑒𝑒 ,𝒯𝒯)

𝜕𝜕𝜆𝜆𝛼𝛼𝑒𝑒
𝑵𝑵𝛼𝛼
𝑒𝑒⨂𝑵𝑵𝛼𝛼

𝑒𝑒
3

𝛼𝛼=1

 (59) 

 
The definition of elastic strain 𝑬𝑬𝑒𝑒  is given in the logarithmic form as follows: 
 

 𝑬𝑬𝑒𝑒 = 𝑙𝑙𝑙𝑙 𝑼𝑼𝑒𝑒 = �𝐸𝐸𝛼𝛼𝑒𝑒𝑵𝑵𝛼𝛼
𝑒𝑒⨂𝑵𝑵𝛼𝛼

𝑒𝑒
3

𝛼𝛼=1

 (60) 

 
where 𝐸𝐸𝛼𝛼𝑒𝑒 is related to 𝜆𝜆𝛼𝛼𝑒𝑒  as follows:  
 

 𝐸𝐸𝛼𝛼𝑒𝑒 = 𝑙𝑙𝑙𝑙 𝜆𝜆𝛼𝛼𝑒𝑒  (𝛼𝛼 = 1,2,3) (61) 
 
From Eq. (59) one obtains,  
 

 𝑴𝑴𝑒𝑒 = 𝜌𝜌�
𝜕𝜕𝛹𝛹�𝑒𝑒(𝐸𝐸1𝑒𝑒 ,𝐸𝐸2𝑒𝑒 ,𝐸𝐸3𝑒𝑒 ,𝒯𝒯)

𝜕𝜕𝐸𝐸𝛼𝛼𝑒𝑒
𝑵𝑵𝛼𝛼
𝑒𝑒⨂𝑵𝑵𝛼𝛼

𝑒𝑒
3

𝛼𝛼=1

 (62) 

 
In metallic materials in general the elastic strains are small. Accordingly, the simple generalization of the 

classical strain-energy function of infinitesimal isotropic elasticity which uses a logarithmic measure of finite strain 
𝑬𝑬𝑒𝑒  is used in this work. The following quadratic form of the classical isotropic elastic strain energy function is 
considered in conjunction with the linear coupled thermo-elastic free energy: 

 

  𝛹𝛹�𝑒𝑒(𝑬𝑬𝑒𝑒 ,𝒯𝒯) =
𝜇𝜇
𝜌𝜌

|𝑬𝑬�𝑒𝑒|2 +
𝜅𝜅

2𝜌𝜌
(𝑡𝑡𝑡𝑡 𝑬𝑬𝑒𝑒)2 −

𝜅𝜅𝛼𝛼𝑡𝑡ℎ

𝜌𝜌
(𝒯𝒯 − 𝒯𝒯𝑟𝑟)𝑡𝑡𝑡𝑡 𝑬𝑬𝑒𝑒  (63) 

 
where 𝑬𝑬�𝑒𝑒  is the deviatoric elastic strain, i.e. 𝐸𝐸�𝑖𝑖𝑖𝑖𝑒𝑒 = 𝐸𝐸𝑖𝑖𝑖𝑖𝑒𝑒 − 𝐸𝐸𝑘𝑘𝑘𝑘𝑒𝑒 𝛿𝛿𝑖𝑖𝑖𝑖 3⁄ , 𝒯𝒯𝑟𝑟  is the reference temperature, 𝛼𝛼𝑡𝑡ℎ  is the 
thermal expansion coefficient, and 𝜇𝜇 > 0 and 𝜅𝜅 > 0 are the shear and bulk moduli respectively.  

The substitution of Eq. (63) into Eq. (62) gives the elastic Mandel stress as follows:  
 

 𝑴𝑴𝑒𝑒 = 2𝜇𝜇𝑬𝑬�𝑒𝑒 + 𝜅𝜅(𝑡𝑡𝑡𝑡 𝑬𝑬𝑒𝑒)𝑰𝑰 − 𝜅𝜅𝛼𝛼𝑡𝑡ℎ(𝒯𝒯 − 𝒯𝒯𝑟𝑟)𝑰𝑰 (64) 
 
where 𝑰𝑰 is the identity tensor.  

From Eq. (37), the relationships 𝑴𝑴𝑒𝑒 = 𝐽𝐽𝑹𝑹𝑒𝑒𝑇𝑇𝝈𝝈𝑹𝑹𝑒𝑒  and 𝑴𝑴𝑒𝑒 = 𝑴𝑴𝑒𝑒𝑇𝑇  are obtained. The Cauchy stress in the 
deformed state can be obtained from these relationships as follows:  

 
 𝝈𝝈 = 𝐽𝐽−1𝑹𝑹𝑒𝑒𝑴𝑴𝑒𝑒𝑹𝑹𝑒𝑒𝑇𝑇 (65) 

 
2.5.2 Defect free energy  

The coupled thermo-plastic free energy 𝛹𝛹𝑑𝑑  is put forward in terms of the generalized strain quantity 𝜀𝜀̃𝑝𝑝 =
(𝜀𝜀𝑝𝑝 − 𝜀𝜀𝑝̅𝑝), hence combines the macro- and micromorphic variables. For incorporating the effect of the material 
length scale in the isotropic gradient plasticity model, another contribution to the defect free energy is additionally 
put forward as the quadratic functions of 𝜀𝜀̃𝑝𝑝 and 𝜀𝜀,̅𝑖𝑖

𝑝𝑝 as follows: 
 

 𝛹𝛹𝑑𝑑�𝜀𝜀̃𝑝𝑝 = (𝜀𝜀𝑝𝑝 − 𝜀𝜀𝑝̅𝑝), 𝜀𝜀,̅𝑖𝑖
𝑝𝑝,𝒯𝒯� =

ℎ𝑒𝑒𝑒𝑒
2𝜌𝜌

𝜀𝜀̃𝑝𝑝2 �1 − �
𝒯𝒯
𝒯𝒯𝑦𝑦
�
𝑛𝑛

� +
𝜇𝜇

2𝜌𝜌
𝑙𝑙𝑝𝑝2𝜀𝜀,̅𝑖𝑖

𝑝𝑝𝜀𝜀,̅𝑖𝑖
𝑝𝑝 (66) 

 
where ℎ𝑒𝑒𝑒𝑒 is the material parameter related to the nonlocal energetic contribution to the flow resistance, 𝑙𝑙𝑝𝑝 is the 
plastic material length scale parameter and 𝑛𝑛 and 𝒯𝒯𝑦𝑦 are the thermal material parameters.  
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By substituting Eq. (66) into Eq. (49), the energetic thermodynamic microstress qunatities 𝓍𝓍𝑒𝑒𝑒𝑒, 𝓆𝓆𝑒𝑒𝑒𝑒 and 𝒬𝒬𝑖𝑖𝑒𝑒𝑒𝑒 
can be obtained as follows: 

 

 𝓍𝓍𝑒𝑒𝑒𝑒 = ℎ𝑒𝑒𝑒𝑒𝜀𝜀̃𝑝𝑝 �1 − �
𝒯𝒯
𝒯𝒯𝑦𝑦
�
𝑛𝑛

� (67) 

 𝓆𝓆𝑒𝑒𝑒𝑒 = −ℎ𝑒𝑒𝑒𝑒𝜀𝜀̃𝑝𝑝 �1 − �
𝒯𝒯
𝒯𝒯𝑦𝑦
�
𝑛𝑛

� (68) 

 𝒬𝒬𝑖𝑖𝑒𝑒𝑒𝑒 = 𝜇𝜇𝑙𝑙𝑝𝑝2𝜀𝜀,̅𝑖𝑖
𝑝𝑝 (69) 

 
2.5.3 Thermal free energy  

The thermal part of the free energy is given by 
 

 𝛹𝛹𝒯𝒯�𝒯𝒯,𝒯𝒯,𝑖𝑖� = −
1

2𝜌𝜌
�
𝑐𝑐𝜀𝜀
𝒯𝒯𝑟𝑟

(𝒯𝒯 − 𝒯𝒯𝑟𝑟)2 + 𝒶𝒶𝒯𝒯,𝑖𝑖𝒯𝒯,𝑖𝑖� (70) 

 
where 𝑐𝑐𝜀𝜀 denotes the specific heat capacity at constant stress and 𝒶𝒶 is the material constant. 

The thermodynamic forces 𝒜𝒜𝑒𝑒𝑒𝑒  and ℬ𝑖𝑖  can be obtained using the definitions in Eq. (49) along with the free 
energy density functions given in Eqs. (63), (66) and (70) as follows: 

 

 𝒜𝒜𝑒𝑒𝑒𝑒 = 𝜌𝜌𝜌𝜌 − 𝜅𝜅𝛼𝛼𝑡𝑡ℎ(𝒯𝒯 − 𝒯𝒯𝑟𝑟)𝑡𝑡𝑡𝑡 𝑬𝑬𝑒𝑒 −
ℎ𝑒𝑒𝑒𝑒𝜀𝜀̃𝑝𝑝

2

2
𝑛𝑛
𝒯𝒯𝑦𝑦
�
𝒯𝒯
𝒯𝒯𝑦𝑦
�
𝑛𝑛−1

−
𝑐𝑐𝜀𝜀
𝒯𝒯𝑦𝑦

(𝒯𝒯 − 𝒯𝒯𝑟𝑟) (71) 

 ℬ𝑖𝑖 = −𝒶𝒶𝒯𝒯,𝑖𝑖 (72) 
 

2.6 Dissipation potential and dissipative thermodynamic forces 
The following functional form of the dissipation potential density per unit time is put forward with the 

assumptions 𝓆𝓆𝑑𝑑𝑑𝑑𝑑𝑑 = 0 and 𝓠𝓠𝑑𝑑𝑑𝑑𝑑𝑑 = 𝟎𝟎. 
 

 

𝒟𝒟�𝜀𝜀𝑝𝑝, 𝜀𝜀̇𝑝𝑝,𝒯𝒯, 𝒯̇𝒯,𝒯𝒯,𝑖𝑖�

= �𝜎𝜎𝑦𝑦(𝒯𝒯) + �𝜎𝜎𝑦𝑦𝑠𝑠(𝒯𝒯) − 𝜎𝜎𝑦𝑦0(𝒯𝒯)� �1 − 𝑒𝑒−𝜑𝜑1𝜀𝜀𝑝𝑝� + ℋ(𝒯𝒯)𝜀𝜀𝑝𝑝 + ℎ𝑑𝑑𝑑𝑑𝑑𝑑𝜀𝜀̃𝑝𝑝� �1

− �
𝒯𝒯
𝒯𝒯𝑦𝑦
�
𝑛𝑛

� 𝜀𝜀̇𝑝𝑝 −
𝓂𝓂
2
𝒯̇𝒯2 −

1
2
𝑘𝑘(𝒯𝒯)
𝒯𝒯

𝒯𝒯,𝑖𝑖𝒯𝒯,𝑖𝑖 ≥ 0 

(73) 

 
where ℎ𝑑𝑑𝑑𝑑𝑑𝑑  is the material constant for the nonlocal dissipative contribution to the flow resistance, 𝓂𝓂  is the 
material constant, 𝑘𝑘(𝒯𝒯) is the thermal conductivity coefficient, and 𝜑𝜑1 is the material parameter. The temperature 
dependent material parameters 𝜎𝜎𝑦𝑦0(𝒯𝒯) > 0, 𝜎𝜎𝑦𝑦𝑠𝑠(𝒯𝒯) ≥ 𝜎𝜎𝑦𝑦0 and ℋ(𝒯𝒯) ≥ 0 are defined as 
 

 𝜎𝜎𝑦𝑦0(𝒯𝒯) = 𝜎𝜎𝑦𝑦0[1 − 𝜃𝜃0(𝒯𝒯 − 𝒯𝒯𝑟𝑟)] (74) 

 𝜎𝜎𝑦𝑦𝑠𝑠(𝒯𝒯) = 𝜎𝜎𝑦𝑦𝑠𝑠[1 − 𝜃𝜃ℋ(𝒯𝒯 − 𝒯𝒯𝑟𝑟)] (75) 
 ℋ(𝒯𝒯) = ℋ[1 − 𝜃𝜃ℋ(𝒯𝒯 − 𝒯𝒯𝑟𝑟)] (76) 

 
where 𝜃𝜃0 is the flow stress softening parameter and 𝜃𝜃ℋ  is the hardening/softening parameter. The initial yield 
strength 𝜎𝜎𝑦𝑦0 determines the threshold of the elastic response.  

Using Eq. (73) along with Eqs. (51) and (74)-(76), and the assumption 𝑘𝑘(𝒯𝒯) 𝒯𝒯⁄ = 𝑘𝑘0 = 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 , the 
dissipative thermodynamic microstress quantities are obtained as 

 

 𝓍𝓍𝑑𝑑𝑑𝑑𝑑𝑑 = �𝜎𝜎𝑦𝑦𝑐𝑐(𝜀𝜀𝑝𝑝,𝒯𝒯) + ℎ𝑑𝑑𝑑𝑑𝑑𝑑𝜀𝜀̃𝑝𝑝� �1 − �
𝒯𝒯
𝒯𝒯𝑦𝑦
�
𝑛𝑛

� > 0 (77) 

 𝒜𝒜𝑑𝑑𝑑𝑑𝑑𝑑 = −𝓂𝓂𝒯̇𝒯 (78) 
 𝑞𝑞𝑖𝑖 = 𝑘𝑘0𝒯𝒯𝒯𝒯,𝑖𝑖 (79) 
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with  
 

 𝜎𝜎𝑦𝑦𝑐𝑐(𝜀𝜀𝑝𝑝,𝒯𝒯) = 𝜎𝜎𝑦𝑦0(𝒯𝒯) + �𝜎𝜎𝑦𝑦𝑠𝑠(𝒯𝒯) − 𝜎𝜎𝑦𝑦0(𝒯𝒯)� �1 − 𝑒𝑒−𝜑𝜑1𝜀𝜀𝑝𝑝� + ℋ(𝒯𝒯)𝜀𝜀𝑝𝑝 (80) 
 
A mixed-hardening function 𝜎𝜎𝑦𝑦𝑐𝑐(𝜀𝜀𝑝𝑝,𝒯𝒯) indicates the conventional dissipative strength and it is based on the 

work by Voce [21]. Particular choices for the material parameters used in Eq. (80) allow for modeling strain 
hardening, strain softening and strain hardening-softening. 

 
2.7 Thermo-mechanical coupled heat equation 

In the authors’ previous works [8, 10, 14], thermodynamically consistent and coupled higher-order thermo-
mechanical strain gradient plasticity models were proposed by considering the gradient of temperature and the 
generalized heat equation.  

The first law of thermodynamics in Eq. (38) controls the heat flow generated due to plastic dissipation. By 
considering Eq. (38) along with Eqs. (49)-(51) and (73), the equation for the entropy evolution can be formulated 
as follows: 

 
 𝜌𝜌𝓈𝓈̇𝒯𝒯 = 𝒟𝒟 + 𝜌𝜌ℋ𝑒𝑒𝑒𝑒𝑒𝑒  (81) 

 
Considering Eq. (71) to solve the rate of the entropy 𝓈𝓈̇ and assuming 𝑐𝑐𝑣𝑣 = 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐 ≅ (𝑐𝑐𝜀𝜀𝒯𝒯 𝒯𝒯𝑟𝑟⁄ ) give the 

following temperature evolution. 
 

 𝑐𝑐𝑣𝑣𝒯̇𝒯 = 𝓍𝓍𝑑𝑑𝑑𝑑𝑑𝑑𝜀𝜀̇𝑝𝑝 − 𝒜̇𝒜𝒯𝒯 − 𝜅𝜅𝛼𝛼𝑡𝑡ℎ𝑡𝑡𝑡𝑡 𝑬𝑬𝑒𝑒𝒯̇𝒯𝒯𝒯 −
𝓂𝓂
2
𝒯̇𝒯2 −

1
2
𝑘𝑘(𝒯𝒯)
𝒯𝒯

𝒯𝒯,𝑖𝑖𝒯𝒯,𝑖𝑖 + 𝜌𝜌ℋ𝑒𝑒𝑒𝑒𝑒𝑒  (82) 

 
with  
 

 𝒜̇𝒜 = 𝒜̇𝒜𝑒𝑒𝑒𝑒 + ℎ𝑒𝑒𝑒𝑒𝜀𝜀̃𝑝𝑝
𝑛𝑛
𝒯𝒯𝑦𝑦
�
𝒯𝒯
𝒯𝒯𝑦𝑦
�
𝑛𝑛−1

𝜀𝜀̇𝑝𝑝 +
ℎ𝑒𝑒𝑒𝑒𝜀𝜀̃𝑝𝑝

2

2(𝑛𝑛 − 1)
𝑛𝑛
𝒯𝒯𝑦𝑦
�
𝒯𝒯
𝒯𝒯𝑦𝑦
�
𝑛𝑛−2

𝒯̇𝒯 (83) 

 
As can be seen in Eq. (82), the temperature evolution involves the rate of change in energy caused by the 

irreversible mechanical process, thermo-plastic coupling, thermo-elastic coupling, heat conduction, and the 
external heat source. Consequently, the temperature evolution can be formulated by substituting the dissipative 
microforces constitutive equations into Eq. (82) and assuming the absent external heat source as follows: 

 

 

�𝑐𝑐𝑣𝑣 +
𝓂𝓂
2
𝒯̇𝒯 + 𝜅𝜅𝛼𝛼𝑡𝑡ℎ𝑡𝑡𝑡𝑡 𝑬𝑬𝑒𝑒𝒯𝒯 +

ℎ𝑒𝑒𝑒𝑒𝜀𝜀̃𝑝𝑝
2

2(𝑛𝑛 − 1)
𝑛𝑛
𝒯𝒯𝑦𝑦
�
𝒯𝒯
𝒯𝒯𝑦𝑦
�
𝑛𝑛−2

𝒯𝒯� 𝒯̇𝒯

= �𝜎𝜎𝑦𝑦0(𝒯𝒯) + �𝜎𝜎𝑦𝑦𝑠𝑠(𝒯𝒯) − 𝜎𝜎𝑦𝑦0(𝒯𝒯)� �1 − 𝑒𝑒−𝜑𝜑1𝜀𝜀𝑝𝑝� + ℋ(𝒯𝒯)𝜀𝜀𝑝𝑝 + ℎ𝑑𝑑𝑑𝑑𝑑𝑑𝜀𝜀̃𝑝𝑝� �1

− �
𝒯𝒯
𝒯𝒯𝑦𝑦
�
𝑛𝑛

� 𝜀𝜀̇𝑝𝑝 − �𝒜̇𝒜𝑒𝑒𝑒𝑒 + ℎ𝑒𝑒𝑒𝑒𝜀𝜀̃𝑝𝑝
𝑛𝑛
𝒯𝒯𝑦𝑦
�
𝒯𝒯
𝒯𝒯𝑦𝑦
�
𝑛𝑛−1

𝜀𝜀̇𝑝𝑝� 𝒯𝒯 −
1
2
𝑘𝑘(𝒯𝒯)
𝒯𝒯

𝒯𝒯,𝑖𝑖𝒯𝒯,𝑖𝑖 

(84) 

 
2.8 Yield function 

The following yield criterion is adopted in this work to predict size effect behavior in the strain hardening 
regime as well as to regularize the localization of plastic deformation during strain softening: 

 

 
𝑓𝑓 = 𝜎𝜎� − (1 − 𝜔𝜔) �𝜎𝜎𝑦𝑦0(𝒯𝒯) + �𝜎𝜎𝑦𝑦𝑠𝑠(𝒯𝒯) − 𝜎𝜎𝑦𝑦0(𝒯𝒯)� �1 − 𝑒𝑒−𝜑𝜑1𝜀𝜀𝑝𝑝� + ℋ(𝒯𝒯)𝜀𝜀𝑝𝑝 + ℎ𝑑𝑑𝑑𝑑𝑑𝑑𝜀𝜀̃𝑝𝑝� �1

− �
𝒯𝒯
𝒯𝒯𝑦𝑦
�
𝑛𝑛

� 
(85) 

 
where 𝜔𝜔 is the damage variable which is given by 𝜔𝜔(𝜀𝜀𝑝̅𝑝) = 1 − 𝑒𝑒−𝜑𝜑2𝜀𝜀�𝑝𝑝  with the material parameter 𝜑𝜑2. The term 
(1 − 𝜔𝜔) reduces the effective yield stress progressively as 𝜔𝜔 increases. This reduction in yield stress leads to a 
softening behavior and ultimately, the deformation is fully localized on the complete failure (complete loss of local 
material strength) when 𝜔𝜔 = 1. The softening theory without any gradient effect in hardening can be retrieved by 
setting ℎ𝑑𝑑𝑑𝑑𝑑𝑑 = 0. 
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2.9 Macroscopic boundary conditions 
The boundary conditions are essential to obtain the finite element solution. In this work, the boundary (𝜕𝜕𝜕𝜕) of 

the body (𝔅𝔅) is assumed to be divided into two subsurfaces such as 𝜕𝜕𝜕𝜕 = 𝜕𝜕𝔅𝔅𝓜𝓜 ∪ 𝜕𝜕𝔅𝔅𝓽𝓽 and 𝜕𝜕𝔅𝔅𝓜𝓜 ∩ 𝜕𝜕𝔅𝔅𝓽𝓽 = ∅. The 
following condition for the material motion (mapping function) on 𝜕𝜕𝔅𝔅𝓜𝓜 is considered: 

 
 𝓜𝓜 = 𝓜𝓜⋆ (86) 

 
and the following surface traction condition is specified on 𝜕𝜕𝔅𝔅𝓽𝓽: 
 

 𝑷𝑷𝑷𝑷 = 𝓽𝓽⋆ (87) 
 
where 𝓜𝓜⋆(𝑿𝑿, 𝑡𝑡) and 𝓽𝓽⋆(𝑿𝑿, 𝑡𝑡) denote the prescribed functions respectively.  

 
2.10 Microscopic boundary conditions  

The additional boundary conditions for 𝜀𝜀𝑝̅𝑝 are required only on the exterior surface region of the body to solve 
the PDE, Eq. (9). This is in contrast with the explicit gradient-enhanced approach which requires such additional 
boundary conditions on the elastic-plastic boundary. These boundary conditions are typically applied to the 
prescribed subsurfaces (𝜕𝜕𝔅𝔅𝓠𝓠 and 𝜕𝜕𝔅𝔅𝜀𝜀�𝑝𝑝) of the boundary (𝜕𝜕𝜕𝜕) of the body (𝔅𝔅) in terms of either the normal 
derivative of 𝜀𝜀𝑝̅𝑝 or 𝜀𝜀𝑝̅𝑝 itself. 

From the presence of the microstresses 𝓠𝓠, the following microscopic power expenditure results: ∫ (𝒬𝒬𝑖𝑖𝑛𝑛𝑖𝑖)𝜀𝜀 ̅̇𝑝𝑝𝑑𝑑𝑑𝑑𝜕𝜕𝜕𝜕 . 
Accordingly, the boundary conditions on 𝜕𝜕𝜕𝜕  (𝜕𝜕𝜕𝜕 = 𝜕𝜕𝔅𝔅𝓠𝓠 ∪ 𝜕𝜕𝔅𝔅𝜀𝜀�𝑝𝑝  and 𝜕𝜕𝔅𝔅𝓠𝓠 ∩ 𝜕𝜕𝔅𝔅𝜀𝜀�𝑝𝑝 = ∅), which involve the 
micro-tractions 𝒬𝒬𝑖𝑖𝑛𝑛𝑖𝑖 and the nonlocal effective plastic strain rate 𝜀𝜀 ̅̇𝑝𝑝, are considered. In particular, special attention 
is restricted to the boundary conditions which lead to a null power expenditure, i.e. (𝒬𝒬𝑖𝑖𝑛𝑛𝑖𝑖)𝜀𝜀 ̅̇𝑝𝑝 = 0. The following 
equation is taken to be the micro-free boundary condition on a prescribed subsurface (𝜕𝜕𝔅𝔅𝓠𝓠) in this work: 

 
 𝒬𝒬𝑖𝑖𝑛𝑛𝑖𝑖 = 0 (88) 

 
or equivalently, in terms of the constitutive relation given in Eq. (69) along with the assumption 𝓠𝓠𝑑𝑑𝑑𝑑𝑑𝑑 = 𝟎𝟎, 
 

 𝜀𝜀,̅𝑖𝑖
𝑝𝑝𝑛𝑛𝑖𝑖 = 0 (89) 

 
The other condition on 𝜀𝜀𝑝̅𝑝, which is called the micro-hard boundary condition, is given on the subsurface (𝜕𝜕𝔅𝔅𝜀𝜀�𝑝𝑝) 

as follows: 
 

 𝜀𝜀𝑝̅𝑝 = 0 (90) 
 

3. Numerical example: Hall-Petch relationship 
 
Materials can be strengthened by decreasing the average grain size. This method is called grain boundary 

strengthening or Hall-Petch strengthening. Grain boundary impedes the movements of dislocations and how many 
dislocations are existent in a grain affects on how smoothly they can travel from grain to grain. Hall-Petch 
strengthening is based on this observation. In this section, Hall-Petch strengthening is investigated using finite 
element simulations with different grain sizes based on the proposed model. 

 
3.1 Problem description 

The schematic illustration of uniaxial strain problem with single-crystal and polycrystalline is shown in Figure 
1. The problem geometry, initial condition, loading condition, macroscopic boundary condition and finite element 
mesh are displayed in this figure. The term 𝑢𝑢†(𝑡𝑡) represents the prescribed displacement. Each grain has an 
average grain size of D. The whole square is split into several grains by grain boundaries, which are represented 
by bold lines, see Figure 2. 4096 (64×64) elements are used. The general material parameters in Table 1 are used 
while the rest of the material parameters are calibrated using another set of experiments for pure aluminium 
(99.999 %) by [22]. Since the experiments were performed for grain sizes from 0.035 to 1.3 mm by [22], six 
different grain sizes, D = 0.03125 mm (32×32=1024 grains), D = 0.0625 mm (16×16=256 grains), D = 0.125 mm 
(8×8=64 grains), D = 0.25 mm (4×4=16 grains), D = 0.5 mm (2×2=4 grains) and D = 1.0 mm (Single grain) are 
considered in the current simulations. In this work, room temperature is assumed as is in [22].  
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Figure 1. Schematic illustration of uniaxial strain problem with single-crystal and polycrystalline. D is the 
(average) grain size. Dotted lines and bold lines in single-crystal and polycrystalline represent finite element 
mesh and grain boundary respectively. 

 
Table 1. Material properties used for the numerical simulations. 

Parameters Units Values 
𝜇𝜇 Shear modulus 𝑃𝑃𝑃𝑃 70.0E9 
𝜅𝜅 Bulk modulus 𝑃𝑃𝑃𝑃 140.0E9 
𝜌𝜌 Density 𝑔𝑔 ∙ 𝑐𝑐𝑚𝑚−3 2.702 
ℎ𝑒𝑒𝑒𝑒 Energetic flow resistance parameter 𝑃𝑃𝑃𝑃 1.0E0 
ℎ𝑑𝑑𝑑𝑑𝑑𝑑 Dissipative flow resistance parameter 𝑃𝑃𝑃𝑃 5.0E9 
𝜎𝜎𝑦𝑦0 Initial yield strength for hardening/softening function 𝑃𝑃𝑃𝑃 100.0E6 
𝜎𝜎𝑦𝑦𝑠𝑠 Initial strain hardening parameter for hardening/softening function 𝑃𝑃𝑃𝑃 100.0E6 
ℋ Initial strain softening parameter for hardening/softening function 𝑃𝑃𝑃𝑃 1.0E9 
𝜑𝜑1 Material parameter for hardening/softening function − 20.0 
𝜑𝜑2 Material parameter for damage variable − 0.0 
𝛼𝛼𝑡𝑡ℎ Thermal expansion coefficient 𝜇𝜇𝜇𝜇 𝑚𝑚 ∙ 𝐾𝐾⁄  16.4 
𝒯𝒯𝑟𝑟 Reference temperature 𝐾𝐾 298 
𝑛𝑛 Temperature sensitivity parameter − 0.7 
𝒯𝒯𝑦𝑦 Thermal material parameter 𝐾𝐾 1,358 
𝑐𝑐𝜀𝜀 Specific heat capacity at constant stress 𝐽𝐽 𝑔𝑔 ∙ °𝐾𝐾⁄  0.385 
𝜃𝜃0 Flow stress softening parameter 𝐾𝐾−1 0.002 
𝜃𝜃ℋ Hardening/softening parameter 𝐾𝐾−1 0.002 

 
3.2 Hall-Petch strengthening 

Numerical simulations under the uniaxial tensile loading condition are carried out with six different grain sizes 
from 0.03125 to 1.0 mm to investigate the Hall-Petch strengthening and to validate the proposed model by 
comparing with the experimental data of [22]. The Hall-Petch constants such as 𝜎𝜎0 and 𝑘𝑘 are also studied in this 
section. The numerically obtained true stress-true strain curves are shown in Figure 2 with varying grain sizes. As 
can be seen in this figure, the Hall-Petch strengthening (material hardens with decreasing grain size) is well 
observed qualitatively. 

The yield stress at a (true) strain of 0.002 and the flow stresses at four selected strains (0.01, 0.05, 0.1, 0.2) 
against the reciprocal square root of the grain size are plotted in Figure 3. Straight lines are fitted to the points by 
the least squares method. A significant grain size effect is predicted at the onset of yielding, which is in line with 
experimental finding. Both experimental data [22] and model predictions show a good linear correlation for all the 
grain sizes. Moreover, model predictions from the simulations are in an excellent agreement with experimental 
data. Table 2 shows the Hall-Petch constants, 𝜎𝜎0 and 𝑘𝑘, for both experiments and simulations at the different levels 
of strain obtained from the linear trendlines in Figure 3. Again, simulations show a good agreement with 
experiments in both parameters. 
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Figure 2. True stress-true strain responses with varying grain sizes from simulations. 

 

 
Figure 3. Hall-Petch plot for pure aluminium from experiments [22] and simulations. 

 
Table 2. Hall-Petch constants for pure aluminium from experiments [22] and simulations. 

True strain 
Experiments [22] Simulations 

𝜎𝜎0 (𝑀𝑀𝑀𝑀𝑀𝑀) 𝑘𝑘 (𝑀𝑀𝑀𝑀𝑀𝑀 ∙ 𝑚𝑚𝑚𝑚1 2⁄ ) 𝜎𝜎0 (𝑀𝑀𝑀𝑀𝑀𝑀) 𝑘𝑘 (𝑀𝑀𝑀𝑀𝑀𝑀 ∙ 𝑚𝑚𝑚𝑚1 2⁄ ) 
0.002 5.62 1.27 5.62 1.27 
0.01 13.83 1.39 13.83 1.34 
0.05 28.92 1.58 28.92 1.58 
0.1 36.15 1.95 36.15 1.95 
0.2 46.32 2.29 46.32 2.29 

 
Figure 3 and Table 2 imply that the Hall-Petch constants, 𝜎𝜎0 and 𝑘𝑘, increase with increasing strain. It is worth 

mentioning that the strengthening effect of the grain boundary areas described by 𝑘𝑘 increases with increasing strain. 
These two parameters are plotted in Figure 4 as a function of strain. Besides the presented experimental data at 

the five strain levels in Figure 3 and Table 2, the other experimental data sets presented in [22] are also plotted in 
this figure. The good correlations between experiments and simulations are obtained. 

This is in line with the findings of [23]. In [23], an empirical relationship of Hall [1] and Petch [2], Eq. (1), is 
extended by expressing the Hall-Petch constants, 𝜎𝜎0 and 𝑘𝑘, to depend on the strain level, such that 𝜎𝜎𝑦𝑦 = 𝜎𝜎0(𝜀𝜀) +
𝑘𝑘(𝜀𝜀)𝐷𝐷−𝑛𝑛 where the exponent 𝑛𝑛 typically ranges from 0.3 to 1.0 (the most reported value is 0.5).  

Due to the formation of dislocation pile-ups at grain boundaries, flow stress can be enhanced and yielding occurs 
when flow stress is large enough to cause the slip to propagate from one grain to the adjacent grain. In order to 
underpin this behavior, physically based strain gradient plasticity models are in demand. The current model is 
phenomenological and physically based models have not been attained despite its importance. Furthermore, the 
pioneering measurements made by [24] were reported without assessment in terms of the Hall-Petch constants, 𝜎𝜎∗ 
and 𝑘𝑘, but nevertheless show on examination decreasing values of both parameters with increase in temperature, 
more so in 𝜎𝜎∗. A weak strain rate dependence of the flow stress was also measured by [24]. Effects of temperature 
and strain rate on the Hall-Petch constants will be investigated in the future. In addition, strain gradient crystal 
plasticity is another interest of the authors so that its pros and cons compared to the strain gradient continuum 
plasticity covered in this work will be explored in the future work. 
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Figure 4. Hall-Petch constants as a function of strain for pure aluminum from experiments [22] and simulations. 

 
4. Conclusions 

 
The Hall-Petch relationship and effects of its strengthening on the flow stress in metals are investigated through 

the strain gradient plasticity model. The thermodynamically consistent gradient-enhanced plasticity flow rule is 
proposed correspondingly. The implementation of developed model is performed based on the finite element 
method. By comparing the obtained numerical results to the existing test data, the Hall-Petch relationship is studied. 
The two null boundary conditions, the microscopically free and hard boundary conditions, are well captured 
through the proposed model at the grain boundary. The six grain sizes are employed in this study and the Hall-
Petch relationship is well described. The good correlations between the experimental measurements and the 
obtained simulation results are shown at the different strain levels. Finally, the Hall-Petch constants are shown to 
be changed with the strain level. 
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