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Abstract: The Hall-Petch relationship in metals is investigated using the strain gradient plasticity theory within
the finite deformation framework. For this purpose, the thermodynamically consistent constitutive formulation for
the coupled thermomechanical gradient-enhanced plasticity model is developed. The corresponding finite element
method is performed to investigate the characteristics of the Hall-Petch relationship in metals. The proposed model
is established based on an extra Helmholtz-type partial differential equation, and the nonlocal quantity is calculated
in a coupled method based on the equilibrium conditions. An excellent agreement between the simulation results
and the test data is resulted in the Hall-Petch graph. Furthermore, it is observed that the Hall-Petch constants do
not remain unchanged but vary with the strain level.
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1. Introduction

Most of metals and metal alloys have polycrystalline nature. In general, a fine-grained material is stronger and
harder than a coarse-grained one. This can be described in the relation between grain size and yield stress through
the Hall-Petch equation as follow [1, 2]:

L3
VD

where g, denotes the yield stress, o, denotes the material constant related to the resistance of lattice to dislocation
motion, k denotes the Hall-Petch strengthening coefficient, and D denotes the average grain size. A linear
relationship between o,, and D~'/2 with a slope of k is shown in the Hall-Petch plot.

After the pioneering works of Hall [1] for mild steels and Petch [2] for brittle materials, numerous works have
been conducted to investigate the Hall-Petch relation through various methods including experiments [3];
review/overview [4, 5]; theoretical investigations [6]; numerical simulations [7]. In [3], microhardness of
nanocrystalline palladium and copper were experimentally investigated according to grain size variation and
significant increases in strength were observed in both materials compared to conventional grain size materials.

However, strain gradient continuum plasticity is rarely used in this area. Song and his co-workers [8-16] have
developed the coupled thermo-mechanical and thermodynamically consistent strain gradient plasticity models to
study the characteristics of nano/micro-scale metallic materials. In this work, strain gradient-enhanced flow rules
are proposed to investigate the grain-size dependent flow stress of polycrystalline materials. The implicit gradient-
enhanced theory (IGT) is introduced in this work. In the IGT, the Helmholtz-type partial differential equation
(PDE) is obtained, and the nonlocal quantities are calculated in a coupled method based on the equilibrium
conditions.

The main aim of this work is to show that the proposed strain gradient-enhanced flow rule well captures the
Hall-Petch relation. The two-dimensional finite element solution for finite deformation with considering the
temperature effect is used to investigate the Hall-Petch relationship.

0y =0p +

(1)

2. Theoretical development
2.1 Kinematics

The homogeneous body 3B in the reference (undeformed), intermediate and current (deformed) states is
presented. The material point is simply denoted by X, and its Lagrangian coordinates are denoted by X; (i =
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1,2,3). The point in the current state is denoted by x, and its Eulerian coordinates are denoted by x; (i = 1, 2, 3).
In this figure, the one to one mapping function x = M (X, t) is used for defining the velocity v and the
deformation gradient F respectively such as v; = dM;(X;, t)/dt = M; and F;; = 9x;/0X; = 0M;(X;,t)/0X;. In
this work, the following multiplicative decomposition is employed

dxi = ﬁcF,?] dX]

Fij

()

where F is the deformation gradient, F€ is the elastic distortion and FP is the plastic distortion. FP indicates the
local plastic deformation of the material at X due to the plastic mechanism in the microscopic neighborhood of X.
This local deformation takes the material into (and ultimately pins the material to) a coherent structure that resides
in the structural space at X. The subsequent rotation and stretching of this coherent structure are represented by
the non-symmetric tensor F¢, thus F¢ denotes the elastic mechanism.

The implicit function theorem F must be non-singular, that is, the Jacobian determinant J(X,t) &
det F(X,t) # 0. The Jacobian determinant is the property of measuring the ratio between deformed (2) and
undeformed (£2,) infinitesimal volumes, that is,

dn = Jd, 3)
The velocity gradient is given by
L5 ke
Ly = % = FyFej' = ﬁ? + F Fkﬁﬂfn_l Fﬁl;l (4)

J
= (D§ + W) + F&. (DL, + WhFS

m

where L¢ and LP represent the elastic and plastic distortion rate tensors addressed with the elastic and plastic
components of the deformation rate tensor D and the spin rate tensor W, that is, L = D¢ + W* and L? = D? +
WP. The elastic and plastic parts of D and W are given by

Df; = symL§;, D =symlL}, W =asymL

it e Wif.’ = asym L’i’j (5)

ijr
Note that the plastic flow does not induce changes in volume, consistently det FP = 1, and LP and DP are
deviatoric.

The right polar decomposition of a second-order, non-singular tensor F¢ can be obtained by the orthogonal
rotation tensor R€ and the symmetric, positive definite right stretch tensor U¢ as

F§; = R Uy, (6)

where U¢ = v Fe" Fe.

The elastic Cauchy-Green deformation tensor €€ can be given by
C = FgFg; = URUG; (7)
Then, the material time derivative of C¢ can be obtained by differentiating Eq. (7) as follows:
where E¢ represents the rate of elastic strain E®.
2.2 Nonlocal effective plastic strain and Helmholtz-type partial differential equation
The IGT is used in this work because of its algorithmic efficiency compared to other gradient-enhanced
approaches. The nonlocal effective plastic strain €7, which indicates a weighted average of the local effective

plastic strain &P, is introduced and obtained by the following PDE with the material length scale parameter [,,:

EP — 27257 = gV 9)
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2.3 Coupled thermo-mechanical framework

2.3.1 Principle of virtual power

The principle of virtual power has been widely employed to formulate a thermodynamically consistent strain
gradient plasticity theory and to derive the microforce balances, e.g. [17-19]. Song and his co-workers [8-16] have
also successfully developed the gradient-enhanced models by incorporating the thermal effect based on the
principle of virtual power to investigate the behavior of small-scale metallic materials. The power expended by
microstress quantities along with time-based changes in plastic strain and its gradient will be accounted for, which
naturally leads to a microforce balances that formulate the flow rule by means of thermodynamically consistent
constitutive equations. In this section, the fully coupled thermo-mechanical theory is formulated by considering a
nonlocal variable &, in conjunction with the new forms of the dissipation potential and free energy function.

The elastic deformation power in the deformed state %, can be given with the Cauchy stress tensor ¢ and the
deformation rate tensor D by

?L'ilt = J; O'L]Dl]d.Q (10)
2

Since o is symmetric, : D = a: L. Then, by using Eq. (4), o:L = tr 6FF~* = (6F~T): F. Now, P£,, can be
expressed alternatively by using Eq. (3) as follows:

Pl'j“é'
Poe = | JouFi' Fyjd0, = f P;F;;d0, (11)
ﬁo ﬁO

where the non-symmetric first Piola-Kirchhoff stress tensor P can be obtained by performing a Piola
transformation on the symmetric Cauchy stress tensor a. Here, the first Piola-Kirchhoff stress P is defined using
another stress quantity a® (hereafter, written as the elastic stress) as follows:

-1
Py & gfF}] (12)

Moreover, the substitution of Eq. (11) into Eq. (12) gives the following equation for the elastic stress quantity
o°.

of = JouFs, (13)

Meanwhile, by using Egs. (11) and (12), the elastic deformation power is expressed as fﬁo a{jFﬁd!)o. Finally,
the internal power P,,,; can be written with energy contributions as follows:

i

:Pint :f <O’5FS +x€p+@(§p+Ql§lp+d‘lT+BlTl> d‘QO (14)
2o

Macro— Micro— Thermal

where £, is an arbitrary subregion of the reference body £2,, F¢ is the elastic distortion rate, x, g and Q are the
microscopic stresses conjugate to the local effective plastic strain rate 7, nonlocal effective plastic strain rate &7
and the gradient of &7 respectively. A and B in the last two terms are the generalized stresses and are related to
the temperature T

The external power P, is given with the generalized external body forces 4 acting within £2, and the macro-
traction # and micro-traction s on the external surface 4.2, as follows:

Poxt =f (&im>dno+f (tiMi + me? + al )dSO (15)
0 Macro— 0029 MM— Micro— Thermal

For the thermal effect, the external virtual power is assumed to have the term of a conjugate to 7°.
Meanwhile, by the assumption of the irrotational plastic flow (WP = 0) and the definition of the mapping
function M (X, t), Eq. (4) can be expressed as
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. _ . -1 -1
M Fet = F§Fg; + F§ DR Frj (16)

Using the assumption that €” evolves along the plastic stretch, i.e. éP = |DL.";.| with an initial condition
€P(X,0) = 0 and the definition of the plastic flow direction by N[ = D[ /|D[| = M, /|Mf;| with whenever
|DF| # 0, Eq. (16) can be expressed as

1

B _ . -1 . -

In the definition of the plastic flow direction N7, the term M€ represents the elastic Mandel stress and is
expressed later by Eqgs. (34) and (37). M* is the deviatoric part of the Mandel stress, i.e. Mf; = M{; — M§,.6;;/3.

By considering M, F¢, €7, &P and T as the virtual velocity fields with the variations of M, 6F¢, P, &P
and 6T respectively, the internal and external parts of the virtual power are written from Egs. (14) and (15) as
follows:

int ij

PYT = | (0f6Ff + x8€P + q6&P + ;6% + AST + B;6T;)d2, (18)
7o

P = (6:6M)d2y + | (#;6M; + mSEP + adT)dS, (19)

29 a0y

and Eq. (17) becomes

1

SM . Fift = SFGFS " + SePFEND Fe. (20)

The following relation is established in an arbitrary subregion £2, by the fundamental statement of the principle
of virtual power:

Pint = Pt (21)

2.3.2 Objectivity of the internal power
Substituting Eq. (2) into the equations, F;; = Ry Fy; where R is the rotational transformation matrix, gives

Fﬁc,FlZ = RikFlszzI; (22)
The reference and intermediate states are independent of the changes in frame,
Ff' = RucFyg; (23)
and FP is objective. Differentiating Eq. (23) gives

Ff = RucF; + RycF; (24)

Similarly, L?, DP, U¢ (hence E€) and C¢ are objective under a change in frame. This consequence of frame
invariance is reserved for later use. Now, assume that ?i‘ﬁ[' = PP, Under a change in frame, x, g, A, 6P, &P
and 67 in Eq. (18) are invariant because all of these terms are scalar fields. 55_’{ and 87 also remain unchanged

since they are a gradient of §e? and 87 in the reference state. On the other hand, a¢, @ and ‘B are converted to ¢,
R’ and B’ respectively, and using Eq. (24), §F¢ is converted to

8Fj = RicFy; + RycSF; = R (RiaRucF; + SF;) (25)

From the assumption P},’f{’ = PP it can be easily shown that the stress quantities Q; and B; are invariant.

Under the assumption that R is an arbitrary time-independent transformation (R = 0), the transformation of o®
can be obtained by

58



Y. Song Journal of Materials and Applications 2020,9(2):55-69

‘75" = Ry0y; (26)
On the other hand, if one assumes R = I, after some algebraic manipulation, the following equation is obtained:
0 Ry = 0 (27)
which indicates that 6°F¢” = Feg®”.
2.3.3 Balance equations
By assuming &P = 0 and 6&P = 0, and using the description of the tensor P given in Eg. (11), the equations

for the local macroscopic surface traction conditions, the balance of the macroscopic linear momentum and the
balance of the generalized stresses A and B (under equilibrium) can be represented respectively as follows:

1, = Pyny (28)
Pijj+4; =0 (29)
a =Bn; (30)
Bii—A=0 (31)

where n is the outward unit normal vector to 8.2,.
Next, by assuming M = 0, §eP = 0 and 6T = 0, and after some algebraic manipulations, the equations for
the first microscopic force balance and the nonlocal microscopic traction conditions are given by

Qii—9=0 (32)
m = Qin; (33)

Lastly, by assuming SM = 0, §¢? = 0 and 8T = 0, and defining

M & Ffof; (34)
g < MSNE = | M| (35)

The second microscopic force balance can be obtained by
xX=a (36)
where M€ represents the elastic Mandel stress, which is given by
Mg = JFgoaFf (37)
& denotes an equivalent tensile stress. For more details about this section.

2.3.4 Laws of thermodynamics
The first law of thermodynamics is employed in this work as follows:

pé = o F5 + x€P + qéP + Q187 + AT + BT, — qi; + pHixr (38)

where the terms q, p, e and Hyyr denote the thermal flux vector, spatial mass density, specific internal energy,
and specific heat from the external source respectively. The entropy production inequality is formulated from the
second law as follows:

. . . . . T;
— pé + pST + of Ff + 2€P + qP + ;€T + AT + BT, — qi# >0 (39)

where s denotes the specific entropy.
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2.4 Thermodynamic forces: energetic and dissipative
The following Clausius-Duhem inequality is formulated by equating the time derivative of the Helmholtz free
energy (per unit volume), ¥ = ¢ — T's, into Eq. (39).

. T;
o Ff + xeP + P + Ql + AT + B; T —p¥ — psT — ql— >0 (40)

From Egs. (24) and (26), both ¢ and F€ are not objective under a change in frame. Thus, the elastic stress
power is most conveniently represented through the objective elastic stress rate E¢. To accompany this, the second
Piola-Kirchhoff elastic stress P¢ is defined such as

Pzid—“] ik Ukl - (41)

Accordingly, by Eq. (13), P¢ can be expressed with a¢ as
P§ = Fﬁc_lafj (42)

Note that by using the definitions of M€ and P¢ given respectively in Egs. (37) and (41), the relationship
between M€ and P¢ can be obtained by

M§ = CS.PE; (43)

Egs. (23), (26), (27) and (42) yield that P¢ is symmetric and objective under a change in frame. Finally, the
elastic stress power a°: F¢ can be converted to the new form with the objective tensors P¢ and E® as follows:

ai‘j'Fi‘j' = ijFe = Plgj(FlfiFi‘j') = Plijﬁj (44)
Substituting Eq. (44) into Eq. (40) gives that
. T;
PSES + x€P + qéP + Q€] + AT + BT; — p¥ — psT — ql?> 0 (45)

Meanwhile, to model the small-scale phenomena including the effect of size on the material mechanical
properties and the width of the localization zones in the softening media in the localized region, an attempt is made
in this work to account for the effect of nonuniform distribution of microdefects on the homogenized response of
the material. The functional form of the Helmholtz free energy ¥ in terms of its state variables is defined as

¥ = W(EF,eP, &7, 8,7,T;) (46)
where ¥ is assumed to be a smooth function.

Note that the plastic dissipation work must be non-negative in the development process of the constitutive
equations. By using Egs. (45) and (46), one can obtain the following inequality:

Pﬁ—paw E?.+(x—pa—q,)ép+(q—pa—q,)§p+ Q-—pa—ly &t
u " PoEg )"y 9eP dev S EIN
+<a‘l alp)T+ B; — o T - Tig >0
TPETPYT ~PaT, 7=

One now assumes that the thermodynamic conjugate microstress quantities x, g, Q; and A are decomposed
into the energetic and the dissipative components [8, 10, 14, 19, 20].

(47)

x = x°" +xdi5; = clen +q)dis; Qi — +les’ = A" +dqdi5 (48)

By using Egs. (47) and (48), the energetic microstresses are defined as follows:
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pe — o e alP on asv oy . qen = ( +6'P)_B_ oV
Therefore the dissipation potential D can be obtained as
D = 2056 + o + QESE) + AUST — L7 > 0 (50)
The dissipative microstresses can then be obtained from D = D(£?, €7, &7, 7, 7;) as follows:
xdis:a_D. dis_a_D dLs:a_D.dqdis:a_D._ﬁza_D (51)
L oer’ o0&y’ ar’ T 07

)L

2.5 Helmholtz free energy and energetic thermodynamic forces
The free energy per unit volume in this work consists of three parts, elastic ¥¢, defect ¥¢ and thermal ¥7, as
follows:
v(ES

e, &, &, T,T;) = We(ES, T) + Pe(eP, v, 80, 7) + w7 (T, 7)) (52)

l]‘ l]'

2.5.1 Elastic free energy

The constitutive equations take a special form when the continuum is isotropic in the undeformed state. In such
a case, the elastic free energy density function ¥¢ depends on E€ through a set of the principal invariants of C¢
such as

we =@e(l,, I, e, T) = Pe(AS, 25,25, T) = P(ES, ES,ES,T) (53)

where ¢ and EE (@ = 1,2,3) indicate the eigenvalues of U¢ and E* respectively, and the invariants I, 11, and
111 are given by

IC =tr CE = C]ik

1
[(er €2)? = or €] = S[CiCf; - €56 (54)

N =

1, =
e 1 ere
Il = det C® = geijkelmnCuC Cin

The spectral decompositions of €€ and U€ are given by
e = Zae NE@N® (55)
3
z ¢ NS@NE, (56)

where N¢ (a = 1,2,3) are the orthonormal eigenvectors of C®.
Applying the chain rule to Eq. (49)1 gives P€ as

P =p (57)

owe zaww, e 25,T) 025 0C°
oe P 928, aCe OEe

Using the relation €¢ = 2E¢ + I and the derivatives of the stretch A with respect to €¢, i.e. 015/0C° =
(1/225)NEQ®NE, Eq. (57) becomes
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N;Q®NY, (58)

pe_ s iasﬁeu‘f,aaaaﬂ 01 i 10We(28, 15,45, 7)
=P 928, ace P L% 922
a=1 a=1

Next, substituting Egs. (55) and (58) into Eq. (43) gives the following equation of the elastic Mandel stress.

3 ~

ope Ae’ e’ e’T

Me=py % (a; D) ne@n (59)
a=1 @

The definition of elastic strain E€ is given in the logarithmic form as follows:

3
E¢=InU° = Z EEN°@N® (60)
a=1
where E¢ is related to A, as follows:
EE =InlE (a=1,23) (61)

From Eq. (59) one obtains,

L NN (62)

3 P,
e =y O ELELEST)
a=1
In metallic materials in general the elastic strains are small. Accordingly, the simple generalization of the
classical strain-energy function of infinitesimal isotropic elasticity which uses a logarithmic measure of finite strain
E® is used in this work. The following quadratic form of the classical isotropic elastic strain energy function is
considered in conjunction with the linear coupled thermo-elastic free energy:

th

~ — K Ka
Pe(Ee,T) = %|L~"e|2 4o (r B == (T~ T)ir (63)
where E* is the deviatoric elastic strain, i.e. Ef; = Ef; — Eg,6;;/3, T, is the reference temperature, at™ is the

thermal expansion coefficient, and u > 0 and k > 0 are the shear and bulk moduli respectively.
The substitution of Eq. (63) into Eq. (62) gives the elastic Mandel stress as follows:

M® = 2uE® + k(tr E&)I — ka™™ (T — T)I (64)

where I is the identity tensor.
From Eq. (37), the relationships M¢ = JR*"¢R® and M¢ = M¢" are obtained. The Cauchy stress in the
deformed state can be obtained from these relationships as follows:

o =] 'R°MCeR°" (65)

2.5.2 Defect free energy

The coupled thermo-plastic free energy ¥¢ is put forward in terms of the generalized strain quantity &7 =
(eP — &P), hence combines the macro- and micromorphic variables. For incorporating the effect of the material
length scale in the isotropic gradient plasticity model, another contribution to the defect free energy is additionally
put forward as the quadratic functions of 7 and e‘f as follows:

Ron 7\"
vie =@ -mar) =gz (1-(T) )+ Lgae (66)
y

where h,,, is the material parameter related to the nonlocal energetic contribution to the flow resistance, ,, is the
plastic material length scale parameter and n and 7, are the thermal material parameters.
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By substituting Eq. (66) into Eq. (49), the energetic thermodynamic microstress qunatities x™, g™ and Q7™
can be obtained as follows:
T n
i =in(1-(2)) -

en &P T "
" = —hen€ (1 - (;y) ) (68)

o = et (69)
2.5.3 Thermal free energy
The thermal part of the free energy is given by
v (T,T;) = _ Ll T -7)*+ aT-:r-] (70)
Il 2[) :7;, T gAY

where ¢, denotes the specific heat capacity at constant stress and a is the material constant.
The thermodynamic forces A°™ and B; can be obtained using the definitions in Eq. (49) along with the free
energy density functions given in Egs. (63), (66) and (70) as follows:

en th e hen§p2 n(J i Ce
A = ps—kat™(T —TH)tr E -——7\7 —?(T—Tr) (71)
y Uy y
B; = —aT; (72)

2.6 Dissipation potential and dissipative thermodynamic forces
The following functional form of the dissipation potential density per unit time is put forward with the
assumptions g% = 0 and Q%% = 0.

D(e?, €7, 7,7, 7T;)

= [ay(T) + (o3 - a;(:r)) (1—e0") + H(T)eP + hdisgp] (1

7\" m . 1k@T
_<_> )ép__g"Z__Qg?ig?iZO

T, 2 2 7

(73)

where hg;, is the material constant for the nonlocal dissipative contribution to the flow resistance, m is the
material constant, k(7) is the thermal conductivity coefficient, and ¢, is the material parameter. The temperature
dependent material parameters o)) (7)) > 0, a5 (7) = g, and H (T) = 0 are defined as

oy (T) = o9[1 = 6,(T — 7,)] (74)
03(7) = a5[1 = 03 (T —T)] (75)
H(T) = H[1 = 03(T — T})] (76)

where 6, is the flow stress softening parameter and 6, is the hardening/softening parameter. The initial yield
strength o) determines the threshold of the elastic response.

Using Eq. (73) along with Egs. (51) and (74)-(76), and the assumption k(T)/T = k, = constant, the
dissipative thermodynamic microstress quantities are obtained as

. 7\"
2% = [o) (e, T) + hy;s€P] (1 - <?> ) >0 (77)
y
AV = —mT (78)
q; = koTT; (79)
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with
05, T) = 0(T) + (05(T) — a2(T)) (1 — e7#1%") + H (T)e? (80)

A mixed-hardening function gy (e, 7") indicates the conventional dissipative strength and it is based on the
work by Voce [21]. Particular choices for the material parameters used in Eq. (80) allow for modeling strain
hardening, strain softening and strain hardening-softening.

2.7 Thermo-mechanical coupled heat equation

In the authors’ previous works [8, 10, 14], thermodynamically consistent and coupled higher-order thermo-
mechanical strain gradient plasticity models were proposed by considering the gradient of temperature and the
generalized heat equation.

The first law of thermodynamics in Eq. (38) controls the heat flow generated due to plastic dissipation. By
considering Eq. (38) along with Egs. (49)-(51) and (73), the equation for the entropy evolution can be formulated
as follows:

p8T =D + pHeye (81)

Considering Eq. (71) to solve the rate of the entropy 4 and assuming c, = constant = (c,T/7,) give the
following temperature evolution.

, . . . m 1k(T
c,T = 24560 — AT — kathtr E¢TT — 772 - E%TJJ + pH ot (82)
with
. n(T\"" hené?? n (T\"72 .
A=A 4 hypé? —( = L LCM——— ) B o 83
¥ len T('f) : +2(n—1>7;<'fy> )

As can be seen in Eq. (82), the temperature evolution involves the rate of change in energy caused by the
irreversible mechanical process, thermo-plastic coupling, thermo-elastic coupling, heat conduction, and the
external heat source. Consequently, the temperature evolution can be formulated by substituting the dissipative
microforces constitutive equations into Eq. (82) and assuming the absent external heat source as follows:

+ 225 + kather EoT + hen?”_1 (7 H:r 7
Cy > ka'tr 2(n—1)7;, 7

= [ayo (T) + (ays(:r) - 039(7")) (1—e12") + H(T)eP + hdisgv] (1 (84)
— Z ! 0 _ | 4em + h 2 Z " 0| T
7_3,/ &€ en€ T\T &
2.8 Yield function

y y
The following yield criterion is adopted in this work to predict size effect behavior in the strain hardening
regime as well as to regularize the localization of plastic deformation during strain softening:

1k(T)
-3

f=6-(1-w) [ag(:r) + (a;(f) - a;’(f)) (1—e01) + H(T)eP + hmgv] (1
T n
)
where w is the damage variable which is given by w(&?) = 1 — e~%2%" with the material parameter ¢,. The term
(1 — w) reduces the effective yield stress progressively as w increases. This reduction in yield stress leads to a
softening behavior and ultimately, the deformation is fully localized on the complete failure (complete loss of local

material strength) when w = 1. The softening theory without any gradient effect in hardening can be retrieved by
setting hy;s = 0.

(85)
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2.9 Macroscopic boundary conditions

The boundary conditions are essential to obtain the finite element solution. In this work, the boundary (9%8B) of
the body (B) is assumed to be divided into two subsurfaces such as 98 = 0B U 0B, and B, N 0B, = @. The
following condition for the material motion (mapping function) on 98B, is considered:

M =M (86)
and the following surface traction condition is specified on 9%8B,:

Pn=1¢t" (87)
where M*(X, t) and £*(X, t) denote the prescribed functions respectively.

2.10 Microscopic boundary conditions

The additional boundary conditions for € are required only on the exterior surface region of the body to solve
the PDE, Eg. (9). This is in contrast with the explicit gradient-enhanced approach which requires such additional
boundary conditions on the elastic-plastic boundary. These boundary conditions are typically applied to the
prescribed subsurfaces (9B, and 9Bz») of the boundary (93B) of the body (B) in terms of either the normal
derivative of &P or &P itself.

From the presence of the microstresses Q, the following microscopic power expenditure results: fa%(gini)s"p dA.
Accordingly, the boundary conditions on 98 (98 = 08B, U 0Bz» and 0By N dBzr = @), which involve the
micro-tractions Q;n; and the nonlocal effective plastic strain rate €7, are considered. In particular, special attention
is restricted to the boundary conditions which lead to a null power expenditure, i.e. (Q;n;)€P = 0. The following
equation is taken to be the micro-free boundary condition on a prescribed subsurface (9%8g) in this work:

9in; =0 (88)
or equivalently, in terms of the constitutive relation given in Eq. (69) along with the assumption Q45 = 0,

The other condition on €7, which is called the micro-hard boundary condition, is given on the subsurface (0Bz»)
as follows:

& =0 (90)
3. Numerical example: Hall-Petch relationship

Materials can be strengthened by decreasing the average grain size. This method is called grain boundary
strengthening or Hall-Petch strengthening. Grain boundary impedes the movements of dislocations and how many
dislocations are existent in a grain affects on how smoothly they can travel from grain to grain. Hall-Petch
strengthening is based on this observation. In this section, Hall-Petch strengthening is investigated using finite
element simulations with different grain sizes based on the proposed model.

3.1 Problem description

The schematic illustration of uniaxial strain problem with single-crystal and polycrystalline is shown in Figure
1. The problem geometry, initial condition, loading condition, macroscopic boundary condition and finite element
mesh are displayed in this figure. The term u®(t) represents the prescribed displacement. Each grain has an
average grain size of D. The whole square is split into several grains by grain boundaries, which are represented
by bold lines, see Figure 2. 4096 (64x64) elements are used. The general material parameters in Table 1 are used
while the rest of the material parameters are calibrated using another set of experiments for pure aluminium
(99.999 %) by [22]. Since the experiments were performed for grain sizes from 0.035 to 1.3 mm by [22], six
different grain sizes, D = 0.03125 mm (32x32=1024 grains), D = 0.0625 mm (16x16=256 grains), D = 0.125 mm
(8x8=64 grains), D = 0.25 mm (4x4=16 grains), D = 0.5 mm (2x2=4 grains) and D = 1.0 mm (Single grain) are
considered in the current simulations. In this work, room temperature is assumed as is in [22].
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Figure 1. Schematic illustration of uniaxial strain problem with single-crystal and polycrystalline. D is the
(average) grain size. Dotted lines and bold lines in single-crystal and polycrystalline represent finite element
mesh and grain boundary respectively.

Table 1. Material properties used for the numerical simulations.

Parameters Units Values
u Shear modulus Pa 70.0E9
K Bulk modulus Pa 140.0E9
p Density g-cm™3 2.702
h.,  Energetic flow resistance parameter Pa 1.0E0
hgis  Dissipative flow resistance parameter Pa 5.0E9
oy Initial yield strength for hardening/softening function Pa 100.0E6
oy Initial strain hardening parameter for hardening/softening function Pa 100.0E6
o Initial strain softening parameter for hardening/softening function Pa 1.0E9
¥1 Material parameter for hardening/softening function - 20.0
@, Material parameter for damage variable - 0.0
at™  Thermal expansion coefficient um/m-K 16.4
T Reference temperature K 298
n Temperature sensitivity parameter - 0.7
J,  Thermal material parameter K 1,358
Ce Specific heat capacity at constant stress J/g-°K 0.385
6, Flow stress softening parameter Kt 0.002
Oy Hardening/softening parameter K1 0.002

3.2 Hall-Petch strengthening

Numerical simulations under the uniaxial tensile loading condition are carried out with six different grain sizes
from 0.03125 to 1.0 mm to investigate the Hall-Petch strengthening and to validate the proposed model by
comparing with the experimental data of [22]. The Hall-Petch constants such as o, and k are also studied in this
section. The numerically obtained true stress-true strain curves are shown in Figure 2 with varying grain sizes. As
can be seen in this figure, the Hall-Petch strengthening (material hardens with decreasing grain size) is well
observed qualitatively.

The yield stress at a (true) strain of 0.002 and the flow stresses at four selected strains (0.01, 0.05, 0.1, 0.2)
against the reciprocal square root of the grain size are plotted in Figure 3. Straight lines are fitted to the points by
the least squares method. A significant grain size effect is predicted at the onset of yielding, which is in line with
experimental finding. Both experimental data [22] and model predictions show a good linear correlation for all the
grain sizes. Moreover, model predictions from the simulations are in an excellent agreement with experimental
data. Table 2 shows the Hall-Petch constants, o, and k, for both experiments and simulations at the different levels
of strain obtained from the linear trendlines in Figure 3. Again, simulations show a good agreement with
experiments in both parameters.
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Figure 2. True stress-true strain responses with varying grain sizes from simulations.
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Figure 3. Hall-Petch plot for pure aluminium from experiments [22] and simulations.

Table 2. Hall-Petch constants for pure aluminium from experiments [22] and simulations.

T trai Experiments [22] Simulations
fue strain oo (MPa) k (MPa - mm'/?) o, (MPa) k (MPa - mm'/?)
0.002 5.62 1.27 5.62 1.27
0.01 13.83 1.39 13.83 1.34
0.05 28.92 1.58 28.92 1.58
0.1 36.15 1.95 36.15 1.95
0.2 46.32 2.29 46.32 2.29

Figure 3 and Table 2 imply that the Hall-Petch constants, ¢, and k, increase with increasing strain. It is worth
mentioning that the strengthening effect of the grain boundary areas described by k increases with increasing strain.

These two parameters are plotted in Figure 4 as a function of strain. Besides the presented experimental data at
the five strain levels in Figure 3 and Table 2, the other experimental data sets presented in [22] are also plotted in
this figure. The good correlations between experiments and simulations are obtained.

This is in line with the findings of [23]. In [23], an empirical relationship of Hall [1] and Petch [2], Eq. (1), is
extended by expressing the Hall-Petch constants, o, and k, to depend on the strain level, such that o), = g, (¢) +
k(e)D~™ where the exponent n typically ranges from 0.3 to 1.0 (the most reported value is 0.5).

Due to the formation of dislocation pile-ups at grain boundaries, flow stress can be enhanced and yielding occurs
when flow stress is large enough to cause the slip to propagate from one grain to the adjacent grain. In order to
underpin this behavior, physically based strain gradient plasticity models are in demand. The current model is
phenomenological and physically based models have not been attained despite its importance. Furthermore, the
pioneering measurements made by [24] were reported without assessment in terms of the Hall-Petch constants, o,
and k, but nevertheless show on examination decreasing values of both parameters with increase in temperature,
more so in g,. A weak strain rate dependence of the flow stress was also measured by [24]. Effects of temperature
and strain rate on the Hall-Petch constants will be investigated in the future. In addition, strain gradient crystal
plasticity is another interest of the authors so that its pros and cons compared to the strain gradient continuum
plasticity covered in this work will be explored in the future work.
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Figure 4. Hall-Petch constants as a function of strain for pure aluminum from experiments [22] and simulations.

4. Conclusions

The Hall-Petch relationship and effects of its strengthening on the flow stress in metals are investigated through
the strain gradient plasticity model. The thermodynamically consistent gradient-enhanced plasticity flow rule is
proposed correspondingly. The implementation of developed model is performed based on the finite element
method. By comparing the obtained numerical results to the existing test data, the Hall-Petch relationship is studied.
The two null boundary conditions, the microscopically free and hard boundary conditions, are well captured
through the proposed model at the grain boundary. The six grain sizes are employed in this study and the Hall-
Petch relationship is well described. The good correlations between the experimental measurements and the
obtained simulation results are shown at the different strain levels. Finally, the Hall-Petch constants are shown to
be changed with the strain level.
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