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Abstract: In this work, a novel nonlocal model on a poro-thermoelastic solid with temperature-dependent
properties is presented. To solve this problem, the thermo-elasticity theory with three-phase-lag model (3PHL) is
proposed. The modulus of the elasticity is given as a linear function of the reference temperature. The analytical
expressions of the displacement components, the stresses, and the temperature are obtained by normal mode
analysis. The main physical fields are displayed graphically and theoretically discussed under the influence of the
nonlocal parameter and temperature-dependent properties.
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1. Introduction

The nonlocal elasticity theory was displayed to study many applications in nano-mechanics including lattice
dispersion of elastic waves, waves propagation in composites materials, dislocation mechanics, fracture mechanics,
etc. The theory of nonlocal continuum mechanics was proposed by Eringen [1]. Altan [2] studied the uniqueness
of the solutions of a class of initial-boundary value problems in linear, isotropic, homo-geneous, nonlocal elasticity.
Povstenko [3] discussed the nonlocal theory of elasticity and its applications to the description of defects in solid
bodies. Recently, Lim et al. [4] constructed a higher order nonlocal elastic and strain gradient theory by combining
the procedures of nonlocal and gradient elasticity. The nonlocal thermodynamics and the axiom of objectivity a
set of constitutive equations is developed for the nonlocal thermo-elastic solids by Eringen [5]. Some theorems in
generalized nonlocal thermoelasticity were discussed by Dhaliwal and Wang [6]. Das et al. [7] introduced the
Green and Naghdi model 1l of thermoelasticity and the Eringen’s nonlocal elasticity model to study the
propagation of harmonic plane waves in a nonlocal thermoelastic medium. Yu et al. [8] discussed the nonlocal
thermo-elasticity based on nonlocal heat conduction and nonlocal elasticity. Zenkour [9] introduced the nonlocal
thermoelasticity theory without energy dissipation for nano-machined beam resonators subjected to various
boundary conditions. Sarkar et al. [10] displayed the effect of the laser pulse on transient waves in a non-local
thermoelastic medium under Green-Naghdi theory. Luo et al. [11] introduced the nonlocal thermoelastic model
to predict the thermoelastic behavior of nanostructures under extreme environments. Abbas et al. [12] displayed
the analytical solutions for the nonlocal thermoelastic problem using Laplace transforms and the eigenvalue
method. Lata and Singh [13] studied of the axisymmetric deformationsin a two-dimensional non-local
homogeneous isotropic thermoelastic solid without energy dissipation.

The thermal stress in a material with temperature-dependent properties was studied extensively by Noda [14].
Material properties such as the modulus of elasticity and the thermal conductivity vary with temperature. When
the temperature variation from the initial stress is not strongly varying, the properties of materials are constants.
In the refractory industries, the structural components are exposed to a high temperature change. In this case,
neglecting the temperature dependence will result in errors in material properties as Jin and Batra [15]. Many
material properties, such as Young’s modulus, coefficient of thermal expansion, and yield stress, can have a
significant dependence on temperature, some studies in temperature-dependent are due to Othman et al. [16-21].
The generalized thermoelasticity proposed by Green and Lindsay, the dynamic response of generalized
thermoelastic problems with temperature-dependent material properties is investigated by He and Shi [22].
Barak and Dhankhar [23] concerned with the solution of a problem on thermoelastic interactions in a functionally
graded (non-homogeneous), fiber-reinforced, transversely isotropic half-space with temperature-dependent
properties under the application of an inclined load in the context of Green-Naghdi theory of type Il1.

The aim of this present study is to determine the distributions of the displacement components, the stresses and
the temperature in a nonlocal poro-thermoelastic solid with temperature dependent properties. A novel nonlocal
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model study is illustrated in the context the three-phase lag model. The non-dimensional coupled governing
equations are solved using the normal mode analysis. The numerical results are given and presented graphically
to show the effect of the nonlocal parameter and temperature-dependent properties on a poro-thermoelastic solid.

2. The discussion of the problem and the basic equations

The problem of a rotating nonlocal porous thermoelastic solid with temperature dependent properties. We are
interested in xy-plane and our dynamic displacement is givenas u = (u,v,0), w =0, % =0.
The constitutive equations as Hetnarski and Eslami [24], Eringen et al. [1, 5, 25] and Abd-Elaziz et al. [26]:

(1-e*V*) o, =4e, 6, +2ue, +bpsd, —y 09, (1)

/A
where, € = age, is the elastic nonlocal parameter having a dimension of length, a,, e, respectively, are an internal
characteristic length and a material constant, o;;are the components of stress, e;;are the components of strain, ey
is the dilatation, A, u are elastic constants, a; is the thermal expansion coefficient, ¢is the change in volume
fraction field of voids, & = T — T, where Tis the temperature above the reference temperature Ty, and &;is the
Kronecker's delta.

The equation of motion

pu; = 0ji j, @)
B, —be—a,p—a,0, +as0 = pa, (1-£°V?)p,, (3)

where B8, b, @, @, a3, @, are the material constants due to the presence of voids Said et al. [27].
The heat conduction equation as Choudhuri [28]

&\ 2 « 0\ 2 o 1 ,0°
K (Q+7y —)VO,+K (I+7, —)VO=QA+7, —+=1,—
where K* is the coefficient of thermal conductivity, K is the additional material constant,
Cg is the specific heat at constant strain, 7,, is the phase-lag of thermal displacement gradient, 74 is the phase-
lag of temperature gradient and 7, is the phase-lag of heat flux.
We may assume that as Ezzat et al. [29]:

Y(pCpb, +yToe, +asly ¢4), )

w=p f(T), d=n f(T), b=b f(T), a=ay f(T), ag=ay f(T), og3=ag f(T), ag=asy f(T),
B=p f(T), y=11 (T, ®)

where 1,44, by, 0t11,0091,0L31,041, 71, By @re constants of material, f(T) = (1 —a*T,) and a” is an empirical

material constant. In the case of the temperature independent modulus of elasticity, and thermal conductivity a* =
0.
For convenience, we introduce the non-dimension variables as:

1 r r r .
(x'ye' 'y '):l— (x,y,e,uy), (t',rq,rg,rv)zj_o(t,rq,rg,rv), Q' = yo , o =Gi7
0

0 Gr2w) 7

0=, - K =[R2 (6)
pCrTy P

Using the above non-dimensional variables defined in Eq. (6) and Egs. (1) in Egs. (2)- (4), we get

ou 0% %u 00 o 29, @
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0 0 0 1 ,0° 9
B, (+17, a_t)vzgvf +(1+t, E)VZH =(L+z, a—t+ifj F)(BS 0, +Bse,+B7 0,), )
292
@ —Bge—Bgp—Bigp, +B110 =B1,(1-¢"V ), - (10)
where,
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3. The analytical solution of the problem
The solution of the considered physical variable can be decomposed in terms of normal mode analysis as:
v, 0,0,0,1(x,y,t)=[&,v, 0,p, &, 1(x ) exp(iay —mt). (11)

where ii(x), etc. is the amplitude of the function u(x, y, t) etc., i is the imaginary unit, m (complex) is the time
constant and a is the wave number in the y —direction.
Introducing Eq. (11) in Egs. (7)—(10), we get

(M,D?*-M,) i —iaB,D v — BsDH+DF =0, (12)
—iaBDir +(M 3D* + M )7 — ia B3 +ia 0 =0, (13)
BgDit +ia Bgv — (M sD?* —~Mg) $—B1,0 =0, (14)
M, D& +iaM77 +Mgp— (MgD?—M )0 =0, (15)
where,
M1=—(82m2+1), M2=(1+82a2)(—m2)—32a2, M3=—82m2—32, M4=(1+82a2)m2+a2,
Mg =1+¢’m®By,, Mg =m?By,(1+a%e?) +a* + By —m By, M7=m236(1—mrq+0.5m2rqz),
Mg :%’ Mq=mBy(mty -D)+1-mz,, My, =a2M9 +sz5(1—H’ITq -|—0.5mzrq2 .

Bg
Eliminating @ (x), 7(x), and 8 (x) between Equations (12) — (15), the following ordinary differential equation
can be obtained:

(D8 —E,D® + E,D* —E;D?+E,)é (x)=0. (16)

where, E; = i—;»Ez = i—z,E3 = E’E‘* = i—:,
Ly =MgMyg+MgMg—M oMMy —BEM M ga® + BaBgM gM g + M (M M cM
+ MMM M g — MM 4M Mg+ M oMM Mg +2M Mg,
Ly, =B Mg+MgMg+MgMqyy+BgMaMg—MMgM+M4McMo —BZEM M ga°
— BEM gM 1a® + BaBgM sM 1, — B3BgM 4M g + BaByyM M 5 + ByyM (M oM g + M (M oM My
— M (M M My — MM gM M g + M oM gM sM g + M oM gM gM g — M 3M 4M sM g +2M sM 1
+2M M g — 2ByM sM 7a® — M M sM 7a* + 2B,B3BgM ga® + BaBgM |M ga°,
Lg=MgMyq+MgMg—Bgh Mg+ M MMy —BYMoMyqa® — BaBgh yM1g — B3ByM 4M
~ByiMaM Mg + BaM oM 3M g +2B11M g = MM 4M M1 +M oM 3M M 10 — M M 4M M1
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M yM M M g +2M gM 1 + 2B1BgM ga> — 2ByM gM 7a° + BgM (M ga® — M (M gM 7a°
M oMM ya® — BEB1 M ga® + 2B1B3BgM ga® +2B1BaB1 1M a° + BaBgM (M 1oa®
+BaBgM yM ga® + BaB1yM M 7a°,

Ly =M yMgM7a® + Mg 1+ ByyM g — ByyiM oM JM g — M yM 4M gM 1o + BgM oM ga®
+ ByBgM M ga° + BBy M ;M 7d”,

L5 :M5M9+M1M3M5M9.

The solution of Eq. (16), which is bounded as x — oo, is given by

B (x) = él C,; exp(—k ;x). 17
Similarly,

0 (x) —élLlj C, exp(—k ;x), (18)

u—(x):jilej C, exp(—k ;x), (19)

v (x) = /%1L3 ; C; exp(—k ;x). (20)

Using the above results, we get

Gec () = 3 Ly, € exp(k;), (21)
J=
4

Suy () = X Ls; C; exp(k ), (22)
=

where k7 (j = 1,2,3,4) are the roots of the characteristic equation: k®- £, k® + E, k* - Esk? + E, =0.

MMy — MsM7k? — BsMyg

Ly = 2 ’
T BgMyg— BgMokj + By My

2 2 2 4 2 2
2; =
! — a’ByBgk ; +BgM 3k} +BgM 4k ;
_ Bgk;Ly; +Buily; +Msk f—M L _iaddy; —Or2u)(k; Ly +1g))+b _laply; —uk;Ly

. y . Ls .
laBg ! p(1+ea® —e%k?) / ,u(1+52a2—52k_12)

3j

4. The boundary conditions

The mechanical and thermal boundary conditions at the thermally stress-free surface at x = 0 are
a) Thermal boundary condition: in which the surface of the half-space is subjected to

0=0. (23)
b) Mechanical boundary condition: in which surface of the half-space is subjected to
O == S1(01). (24)

¢) Mechanical boundary condition: in which surface of the half-space is subjected to
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Oy = 0. (25)

d) Condition on the change in volume fraction field
p=g(.1). (26)
where f(y,t) = f; exp(iay —mt), g(y,t) = f,exp(iay —mt) and f,, f, are constants. Substituting the

expressions of the variables considered into the above boundary conditions, we can obtain the following equations
satisfied by the parameters:

4 4 4 a4 27
S I,C;=0, 3 Ly,C;=—fi, 21L5J.Cj:0, >C; =fs. (27)
Jj= J= Jj=1

Applying the inverse of matrix method, we have

-1

C L1 Lyp Liz Ly 0
Co| | Lo Lap Laz Lug ANE (28)
C3 Lsy Lsy, Lsz Lsy 0
C, 1 1 1 1 2

5. Numerical calculations and discussion

To illustrate the theoretical results obtained in the previous section, to compare them in the context of different
thermoelastic theories, and to study the influence of position- and temperature-dependent properties on wave
propagation in porous thermoelastic media, we now present some values of the physical constants results, as in
Othman et al. [21]

i =39x10°N.m2, 4 =778x10°N.m?,  p=8954kg.m>, (,=383)kg KT, 4 =378x107K™,

f1=-0005, 7,=9x107s, 7, =6x107s, 7,=7x107s, K =386w.mT K5, b =16x10°N.m?, a =147x10°N.m?,
Uy =T78XL0°ON.M2, m=my+i&, my=06, £=008, a=05 T,=293K, K =386w.m" K", f,=10"

g = 2x10N.m 2, ¢, =1.753x10*N.m 2, g, =2x10"N.m™2, y =20

The two cases were compared using a three-phase lag model.

(i) Linear temperature coefficient with three different values (a* = 0.0005, 0.0008, 0.002).

(if) non-local parameters with three different values (¢ =0, 0.05, 0.5).

Case 1: In Figure 1-5, calculate the distribution of displacement component y,, thermal temperature ¢, volume

change field ¢ and stress components oy, oy at time t = 0.5 s. The results in the figures are dimensionless.
Figure 1 shows the variation of displacement v versus x . The offset starts with a positive value, and even though
the size of " increases, v decreases in the range of 0 < x < 1.17, but the opposite happens in the range of 1.17 <
x < 10, and converges to zero at x >10. Figure 2 shows the distribution of temperature 9. It shows that in the
range of x = 0.29, as the size of the parameter " increases, the temperature value decreases and converges to
zero at x >10. Figure 3 shows the distribution of the variation of the volume fraction field ¢, where for all values
of ¢ it starts at negative values, starts at a minimum, increases in the range 0 < x < 10 and converges to zero at
x = 10. Figure 4 clarifies the distribution of the stress component o, versus x . It is observed that the stress
component o, complies with the boundary conditions, starts from a negative value and reaches the minimum
value in the range 0 < x < 1.2, and increases in the range of 1.2 < x < 10, and then converges to zero at x > 10.
Figure 5 shows the distribution of the stress component o, versus x. It has been observed that the linear
temperature coefficient ¢ has a strong influence on the distribution of o, as the value of " increases, the
magnitude of o, decreases and all curves converge to zero.
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Fig. 1. Vertical displacement distribution , for different values of linear temperature coefficient.
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Fig. 2. Thermal temperature distribution & for different values of linear temperature coefficient.
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Fig. 3. The change in volume fraction field ¢ for different values of linear temperature coefficient.
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Fig. 4. Distribution of stress component o, for different values of linear temperature coefficient.
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Fig. 5. Distribution of stress component a,,, for different values of linear temperature coefficient.

Case Il: Plot Figures 6-8 to show the effect of the nonlocal parameters on the variation of the displacement
component v, thermal temperature 6 and stress component o, 0f the medium. In Figure 7, the effect of parameter
€ on the variation of thermal temperature @ is the same as in Figure 2, but in the range of x > 1.3, the value of ¢
increases while the magnitude of 8 decreases. In Fig. 8, the value of the stress component g, increases when the
parameter € is also increased, it is clear that the distribution of the stress component a,,starts from a negative
value, agrees with the boundary conditions and converges to zero x > 10.

3.5

3PHL, £=0.5 4
3PHL, £ =0.05

3

2.5

2
Vs
1t
0.5

(0 T TR RUPPPPPRREEPPED T

_0.5 1 1 1 1
0 2 4 6 8 10

Fig. 6. Vertical displacement distribution v for different values of nonlocal parameter.
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Fig. 8. Distribution of stress component  _for different values of of nonlocal parameter.

Figures 9 and 10 are 3D curves showing the distribution of the volume fraction field ¢ and the stress component
oxyassociated with the three-phase delay model as a function of distance.

Fig. 9. The change in volume fraction field ¢ in the context of three-phase-lag model
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Fig. 10. Distribution of stress component . in the context of three-phase-lag model

6. Conclusion

In this study, we examine the effect of the linear temperature coefficient on a poro-thermoelastic medium. Here,
the nonlocal model of thermoelastic generalizations is taken into account. The components of displacements and
stresses were derived in view of the dimensionless parameters in the dynamical equations by utilizing the normal
mode solution approach. Furthermore, the results are compared under the three-phase-lag model. The results of
the above analysis can be summarized as follows:

1) The linear temperature coefficient plays an important role in the physical domain, as can be clearly seen from
Figures 1-5.

2) From Figures 6-8, it can be seen that locality plays an important role in the physical fields.

3) Developed and used an analytical solution to the thermoelastic problem of solids based on the normal mode
analysis.
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