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Abstract: The stress state of the elastic semi-strip is investigated in the paper. The lateral sides of the semi-strip
are fixed and the semi-strip’s short edge is under the mechanical load. The longitudinal crack is located inside the
semi-strip. The problem is reduced to the one-dimensional problem with the help of Fourier sin-, cos-
transformation, which was applied directly to the Lame’s equilibrium equations and the boundary conditions. The
one-dimensional problem is formulated is a vector form. Its solution is constructed with the help of the matrix
differential calculation and the Green matrix-function, which was constructed in the bilinear form. The solution of
the problem is reduced to the solving of three singular integral equations. The first equation in this system contains
two fixed singularities in its kernel. To consider them the corresponding transcendental equation is constructed,
and its roots are found. The special generalized method is applied to solve the system of singular integral equations.
The stress intensity factors are calculated.
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1. Introduction

The plane elasticity problems are important as model examples for more complicated problems. The
investigation of the stress state of the elastic semi-strip with a longitudinal crack can be used for the solving of the
discontinuous problems in areas that contain angles and defects.

There are three classed of methods that can be applied for the solving of the plane problems of elasticity for:
analytical, numeric and analytically-numeric. The analytical approaches can be used for the solving of a
sufficiently narrow class of problems when the numeric approaches can be used for much more elasticity problems,
however their successful application for the solving of the problems in areas that contain zones of discontinuity,
such as cracks and rigid inclusions, is usually very difficult. So, the development of analytically-numeric
approaches is relevant and helpful.

The plane problems of elasticity for a strip and a semi-strip were solved in the following works. The first basic
odd-symmetric boundary value problem in the theory of elasticity in a half-strip with free longitudinal sides was
solved in [1]. The solution was represented as series in Papkovich—Fadle eigenfunctions whose coefficients were
found in an explicit form by using functions biorthogonal to the Papkovich—Fadle eigenfunctions. A method of
analytical decomposition for analysis plane structures of a complex configuration was presented in [2]. For each
part of the structure in the form of a rectangle all the components of the stress-strain state were constructed by the
superposition method. The block element method was used to study a static boundary value problem for semi-
infinite lithospheric plates interacting with a deformable basement along Conrad boundary in [3]. It was assumed
that the lithospheric plates have straight line boundaries parallel to each other and are considered in two positions.
In the first case, the distance between the ends of the plates did not vanish, whereas in the second case the distance
was absent, although the plates do not interact.

The problems for a strips weakened by the cracks were studied in the following works. The solving of the
problem for the infinite strip with a semi-infinite crack was reduced to the solving of the singular integral equation
by the use of simple layer and double layer potentials in [4]. The method for the elastic strip which is weakened
by cracks and holes was proposed in [5]. Non-standard boundary problem for Laplace equation in the infinite strip
with a finite crack was reduced in [6] with the help of Fourier transformation to the integral equation and then to
the vector Riemann-Hilbert problem.

In the proposed work the plane mixed problem for a semi-strip with a longitudinal crack was solved by the
analytically-numeric approach. The integral transformations are applied directly to the Lame’s equations and
boundary conditions. The matrix differential apparatus and the matrix Green functions were used. The system of
singular integral equations was solved with consideration of the fixed singularities in its kernel.
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2. The statement of the problem
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Fig. 1 Geometry and coordinate system of the semi-strip

The elastic (G is a share module, [ is a Poison ratio) semi-strip (Fig. 1), 0<x<a, 0<y<co is considered. The
conditions of fixing are fulfilled on the lateral sides of the semi-strip

u(0,y) =0, v(0,y) =0, u(a,y) =0, v(a,y) =0, 0<y<ow Q

where u(x,y) = u,(x,y), v(x,y) = u,,(x,y) are the displacement functions that satisfy the Lame’s equilibrium

equations:
Pulxy) | k=10%u(xy) | 2 *v(xy) _ 0

0x2 k+1 0dy? K+1 0xdy (2)
%v(xy) |, k+13%v(xy) 2 u(xy) _ 0
ox2 k-1 dy?2 k-1 0xdy

here k = 3 — 4u is the Muskchelishvili constant.
The semi-strip is loaded at its short edge
0y(x,0) =p(x), Ty (x0)=00<x<a 3)
The longitudinal crack is located inside the semi-strip on the line by <y <b;,x=C
u(€—=0,y) —u(C+0,y) =(C,y)=90,(y) #0,bp <y < by
v(€—-0,y) —v(C+0,y) =Ww(C,y)=p,(y) #0,bp <y < b, (4)
Txy(C - O'Y) - Txy(C + O,y) = (Txy(C»y» =0,by <y <b
0x(C=0,y) =0, (C+0,y) =(0,(C,)) = 0,by <y < by
Txy|x=c+0 =0, lex:CiO =p:;(y), bo<y<b )
The problem (1)-(5) should be solved to estimate the stress state of the semi-strip.

3. The general solving scheme

The initial problem (1)-(5) is reduced to the one-dimensional problem with the help of Fourier sin-, cos-
transformation applied by the variable y [7].
The following vectors and matrices are inputted

" _ uﬁ(x))
yﬁ(x) - <Uﬁ(x) [}
3-k
5 —X'(x)
f(x) = K+i+1 1
—B—x(x)
o_ (Pp 1_ ﬁ%i‘ﬂz
-G (5)
k-1 0
P=|"" )
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Here x(x) = v(x, y)l, =, is the unknown function.
The vector problem in the transformation domain is formulated as following
L,y (x) = f(2),
¥p(0) = 0,yg(a) =0, (6)
(7p(0)) = Ny, (¥5(O)) = Np
The solution of the problem (6) is constructed as the superposition of the general solution of the corresponding

homogeneous equation, the partial solution of the inhomogeneous equation and the discontinuous solution of the
problem [8].

3.1. The construction of the general solution
The general solution of the homogeneous vector equation is found with the help of the corresponding matrix

equation L,Y(x) = 0,0 < x < a, which solution is found by the formula Y(x) = igﬁc e$*M~1(&)d¢, where
M(&) = 18% + 2BQ& — B2P. So the general solution of the homogeneous vector equation has the following form
J) =1 (x) (2) +Y,(x) (2) where Y;(x),Y,(x) are the fundamental matrix solutions, ¢;, i = 1,4 are
known constants.

3.2. The construction of the partial and discontinuous solutions
The following problem is considered
L (x) = f(x),
Vi) =0,i=0,1, ()
(75(0)) = Ng, (5 (O)) = Ng

where

WO =a(y )7 -() )TONE@I=a(; o)i@-( 1)7w@.

The matrix integral transformation with the kernel

_ (sina, x 0 _nm
H(x,an)—< 0 cosanx>’a”_ " ,n=0,12..

is applied to the problem (7) by the generalized scheme [9].
The problem (7) in the transformation domain can be written as 25 (a;,)y, = ﬁn.
Here

Op(ay) = —laj — 2pa,Q — B?P,

1

A +1
Q = L KO )

Kk—1
5;11 = foaj;(x)H(xl an) dxl ﬁn = ﬁl + (_ﬁna
-1 .
ty, €05 (aC) @15 — B sin(@nC) 9o
D, = ) . :
—B=c05(etnC) P1p — iy SIN(@nC) P2
After the inverting of the integral transformation the partial 375 (x) = foa G(x,§&) f(f)df and the discontinuous
FE(x) = 22;::0 'H(x, a,) 25 (a,) B,s0lutions are found. Here G(x,¢) = gzzzo H(x, )05 (@) H(E, ay) is
Green matrix-function which is constructed in the bilinear form.

4. The solving of the singular integral equations

The expressions for the displacement functions contain three unknown functions y(x), ¢, (¥), @, (y). For its
finding the following system of singular integral equations (SSIE) is derived
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(12,20 [+ Zo(x, f)] dé + Ro(x) = #(x), x € Iy

l o zf @) Inp—dn + K () =0,y €1, (8)
|
\ d—yzf_lwz(n)lnmdnﬂﬁ(y)=0,y€11

with the additional conditions f_ll)E(f)df =0.

Here
2© = x (%52),

Z,(x,&) = hy (#_l_ 1 )+h2( x1 Db )+h3 ((f—l)(x—1)+(f+1)(x+1)),

E+x-2  E+x+2 (E+x-2)2  (E+x+2)? (E+x-2)3 (E+x+2)3
2 4
h= =Sk = =k =
~ (b1=bo)n+(b1+bg)\ .
¢i(m) = ¢, (%)l =12

1

1 1
Rox) = f FEOfE x)dé + f &1(m) Ry (+0,m)dn + f 21 Ro2 (+0,7)dln,

-1
1

1 1
RO) = f FOFEC+0)dE + f Gr (R (v, )l + f 2D Ry, mdn i = 12

f:(fv X), ﬁi,l(y' 77)' ﬁi,Z (y’ 77): 7C\'(x): i = 0:1:2
are known regular functions.

The first equation in (8) contains two fixed singularities. The corresponding transcendental equation is
constructed. It is congruent to the transcendental equation presented in [10] for the problem of the wedge with the
angle of openness /2. The roots 4, of the transcendental equation are found numerically.

The generalized method [11] is used for the solving of SSIE (8). Accordingly to it the unknown functions are
searched in the form

1) = X3 [s1pi ) + seanpit (O], € € [-1;1] )

where ~
P3(§) = (L £ - cos(Im A In(1 % §),
Pes1 () = (L OFM - sin(Im A In(1 £ ),
@) = L35 i1 — n2Un(m) ,m € [-1;1]i = 1,2 (10)
here U, (y) are Chebyshev polynomials of the second kind.
The segment [—1; 1] is divided on 2N segments by the points x;: P 2’}\‘,’ 105(xl-) =0,i =0,2N — 1. SSIE (20) is
considered when x = x;,i = 0,2N — 1. The system linear algebraic equations is obtained
) 70 DinSn = fym = 02N — 1 i (11)
where S, = (s%; sk;s2)T, and components of Dy, = {di,} i, = 0,1,2, fin = (£, fi; 27 are known
constants.

=0,N—-1.

5. The stress intensity factors

The stress intensity factors can be found as [12]

Zil s —b)(n + DED* zil Jilb; — bg)(n + 1)

fi-= vz 7z
. - zil S = bo)(n + 1)(—1)* NZ AT, —b)(n + 1)
- — \/— ) II+ - £ \/7

6. Conclusions

The new approach was used for the solving of the plane mixed elasticity problem for a semi-strip. The partial
and discontinuous solutions were constructed with the help of the integral transformation applied by the
generalized scheme. The solving of the problem was reduced to the solving of SSIE, where the first equation
contains two fixed singularities. The corresponding transcendent equation was constructed and its roots were
found. SSIE was solved with the help of the generalized method.
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