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Abstract: Filling pressures are a necessary starting point in the design of silos and hoppers. The hoppers with 
complicated geometries are common in industrial applications due to physical space constraints and the need to 
interface with other processing equipment. The current paper deals with the effect of outlet eccentricity on normal 
pressures formed in steel hoppers during distributed filling process. Using finite element method, progressive 
filling process in hoppers was simulated and by changing the percentage of outlet eccentricity, the variation of 
pressure distribution was fully studied. The results showed an increase in the normal pressures of shallow side 
compared with the steep side of eccentric hopper. To quantify the pressure asymmetry, two parameters were 
introduced and they were evaluated for practical range of material parameters and steel hoppers dimensions. The 
results obtained are of interest since they facilitate the design of silos and hoppers with eccentric outlet.  
Keywords: Eccentric hopper; Progressive distributed filling; Normal pressure; Finite element method; Parametric 
study.

 
 
1. Introduction 
 

Silos and hoppers are widely used for the storage and handling of bulk solids in industry. Hopper is an important 
part of storage vessels and normally supports the majority of loads induced by the particulate solids [1]. Three 
distinct phases exist in a silo or hopper work cycle: filling, storage and discharge. The filling condition is normally 
used as the reference state against which discharge pressures during flow are predicted [2–5] and a clear description 
of this phase is therefore vital, even for studies of discharge.  

The hoppers with complicated geometries are common in industrial applications due to physical space 
constraints and the need to interface with other processing equipment. Owing to some particular needs, eccentric 
hoppers are also being widely used. One of the main advantages of the eccentric hopper, especially evident in 
small to midsize silos, is that it allows the discharge of the silo contents to a much more easily accessible location 
away from the silo body.  

The first attempts in predicting the pressures developed in the wall of silos dates back to theoretical approach 
of Janssen [6]. This analysis was extended to the cases of conical and wedge-shaped hoppers by different authors 
[7–10]. Most of them used “The Method of Differential Slice” [11], but afterwards each made different 
assumptions concerning the evaluation of the ratio of wall pressures to vertical pressures. In predicting the wall 
pressures, “The Method of Characteristics” developed for plane strain situations [11,12] and the proposed theory 
that the pressure distribution near the apex of the hopper is in the form of a “Radial Stress Field” [13–16] are 
among the other theoretical approaches taken. 

In addition to classical theories on this topic, with the advent of more powerful computers, numerical methods 
have become very useful in research on behavior of bulk solids. Numerical methods are very economical and lend 
themselves to comprehensive parametric studies. In this paper, the finite element method (FEM) is the primary 
approach. 

Notably, the majority of past researches into hopper wall pressures have focused on concentric shaped hoppers. 
Both filling [1,3,17,18] and discharge [19–26] phases of circular cross-sectional hoppers have been addressed in 
these researches. A number of studies have also been conducted on pressures developed in silos with eccentric 
hoppers [27–33], but none of them have considered the aspects investigated in this paper. 

In the present study, using the finite element analyses, efforts are made in assessment of normal pressures 
developed in steel hoppers with eccentric outlet during the filling phase. An advanced computational technique 
for simulating the progressive filling method  [1,3,17,33,34] is used. The commercial software ABAQUS [35] is 
employed for the nonlinear finite element analyses. To date, as far as the literature survey shows, there is no such 
3D modeling that specifically investigates the hopper body. The asymmetry of developed pressures is fully 
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addressed. The overpressure factor (OPF) in accordance to outlet eccentricity, as the peak pressure deviates from 
that of concentric counterpart, is defined. Considering the same concept, but for minimum pressure deviation from 
concentric hopper wall pressure, the reduction pressure factor (RPF) is also introduced. To expand this concept 
for further application, a parametric study on OPF and RPF values for practical range of material parameters and 
hoppers dimensions is conducted. Therefore, the main novelties of the paper would be summarized as follows: 

1) Considering a comprehensive 3D modeling of eccentric hopper body and simulating a realistic progressive 
filling process. 

2) Quantifying the eccentricity effects on normal pressure deviation from that of centered-outlet hopper by 
means of OPF and RPF values. 

3) Conducting a parametric study for practical range of material parameters and steel hopper dimensions to 
better predict the OPF and RPF values. 
 
2. Numerical modeling 
 
2.1 Hopper geometry and eccentric outlet 

To investigate the effect of eccentricity on variation of normal pressures in hopper body, a 3D conical sample 
hopper shown in Figure 1 was assumed as the basic scheme. A 2D axisymmetric counterpart of that hopper was 
previously studied in Ref. [1]. Same dimensions were used to make it possible to compare results for the case of 
hopper with central outlet. This subject is explained further in section: "2.4 Additional points in modeling" below. 
Therefore, a total height of 2355.85 mm and a fixed diameter of 2400 mm and 400 mm for the largest and the 
smallest cross section of hoppers were considered, respectively. Similarly, a uniform hopper wall thickness of 6 
mm was assumed. Note that, a smaller thickness (t=0.5 mm) was also examined in finite element models but the 
results remained unchanged. 

The outlet was moved rightward to create eccentricity as presented in Figure 2. For the sake of consistency 
with the European Standard [36], the eccentricity was defined in terms of the ratio between the amount of outlet 
offset from centerline (e) in conical hopper to the largest diameter (D) in the same hopper. According to hopper 
dimensions, the ratio varies from zero to almost 0.416 which is defined as full eccentricity in the current paper. In 
the case of full eccentricity, the outlet is located in a way that a vertical wall segment is produced. 

 

 
Figure 1. Basic scheme of 3D conical sample hopper. 

 

 
Figure 2. Definition of hopper eccentricity. 

D D D
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2.2 Filling method and guide lines for pressure assessment 
According to the method of filling used, an almost flat top surface or a conical pile of particulate solids can be 

produced. Distributed filling of granular materials and pneumatic filling of powders are of the filling methods 
which result to flat top surface [17,36–38]. On the contrary, concentric or stream filling method causes materials 
to pile up and make a conical surface [1,37,38]. In the finite element models of this paper, the main focus is on the 
distributed filling method. 

In the finite element simulation, several filling methods have been proposed such as, switched-on filling method, 
progressively increasing the density of the material or incremental layered filling with a small preloading in the 
material [20,39]. In a real filling process, the volume of the stored material is increasing. The boundaries of volume 
are changing continuously and hence their contact interactions. Accordingly, in the present study, the more 
sophisticated progressive filling method was used to simulate the process in 3D. 

 To implement progressive filling in the software, the final geometry of solid materials was partitioned into 
horizontal layers. Each layer comprised loading, contact interaction and material properties. Each layer landed on 
a body of material that was already stressed and hence was already deformed. This method led to a more realistic 
modeling of filling phase and is regarded as an advanced approach in 3D FEM to simulate the hopper filling. 

To clarify the different set of points used for normal pressures reading in 3D finite element model, guide lines 
were defined as: Left, Right, Ring-2, Ring-3 and Ring-6, and are depicted in Figure 3. As will be shown later, 
these guide lines are useful in pressure study of sample hoppers, since practically the highest and the lowest normal 
pressures can be tracked almost along them. 

 

 
Figure 3. Guide lines used for normal pressures evaluation. 

 
2.3 Finite element modeling 

The 3D finite element analyses employed a Lagrangian frame of reference to represent both the hopper structure 
and its stored material. The hopper wall was modeled as a 4-node doubly curved thin shell element (S4R). The 
ensiled material was represented by an 8-node linear brick element (C3D8R). Both types of elements use reduced 
integration and hourglass control. For the sake of symmetry, only half of the hopper and bulk solids were generated 
for each analysis. The hopper structure was constrained in three principal directions of global coordinates system 
at the top edge. The stored solids were constrained in the same manner at the outlet boundary, corresponding to a 
closed outlet. The symmetry boundary conditions were applied in the plane of symmetry as well. Loading was 
applied by introducing uniform gravitational force to stored solids.  

The surface-to-surface contact interaction accompanied by penalty method under contact pair algorithm was 
implemented as the mechanical contact simulation of bulk solids and hopper wall. The stick-slip behavior of wall 
and the stored solids were implemented through a single value (μ=0.5) for the wall friction coefficient using the 
Coulomb friction model available in the software for the tangential behavior. Moreover, hard contact simulated 
the normal behavior.  

The material properties for hopper wall and granular material were similar to those of Ref. [1]. In this respect, 
the hopper was modeled by elastic properties of steel and an ideal elastic-plastic Drucker-Prager material with 
kinematic hardening was adopted for the bulk solids. A number of previous studies have been successfully adopted 
Drucker-Prager criterion for material modeling on the same issue [1,17,21–23,27,28,30–33,40]. However, the 
numerical predictions have shown that the adopted constitutive model for stored solids has little effect on the 
filling pressures [2,3,18,41]. Properties and parameters used for materials in the analyses are summarized in Table 
1.  
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Table 1. Material properties used in FEM adopted from Ref. [1]. 

 
2.4 Additional points in modeling 

A static nonlinear analysis was used to include nonlinear behavior of the granular materials. To establish 
verification for the procedure adopted in the present research (i.e., the progressive method in 3D environment), 
the hopper studied in Ref. [1] was adopted as the benchmark. In this regard, a 3D model of concentric hopper with 
conical pile at top surface which resembled the 2D axisymmetric counterpart of the benchmark hopper was 
modeled. Figure 4a shows the normal pressures developed in 3D model using both progressive and the more 
conventional switched-on filling method. In the latter method, gravity is applied in a linearly increasing manner 
for the entire mass of stored particulate solids during the span of loading time. A comparison of the results obtained 
with those of benchmark, as represented in Figure 4b, indicated that great consistency has been achieved in 3D 
modeling. 

 

 
Figure 4. Normal pressures developed on hopper wall calculated from: (a) 3D model of this paper, (b) 2D 
axisymmetric model by Ref. [1]. 
 

Additional aspects of modeling are described herein. First of all, the effect of number of layers in progressive 
filling method was explored. Regarding the hopper dimensions, almost stable distribution of pressures was 
achieved by 8 layers of bulk solids. For the hoppers with almost similar dimensions, 6 and 8 layers has been 
selected by previous studies [1,3,17,34]; hence 8 layers were picked in all analyses of this paper.  

The other significant topic in granular materials modeling is that how the selected constitutive law may 
influence the final outputs of analyses. Due to small strains in filling phase [42] and considering the low pressure 
level in the hoppers without surcharge, the bulk solid exhibits almost elastic behavior. The apparent cohesion also 
plays an important role in this issue. In the present study, the hardening rule of Drucker-Prager criterion takes into 
account the apparent cohesion. For the range of apparent cohesions recommended for granular agricultural 
materials used in silo design [40,43], in the filling phase, the elastic behavior is dominant and plastic parameters 
have minor effect. Due to the same reasons, similar analyses with lower internal angle of friction (e.g. 20, 30 and 
40 degrees) made negligible changes in the results. 
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Frictional tractions, in all analyses, can be related to normal pressures by means of mobilized wall friction 
coefficient, as recommended in the European Standard [36]. It is calculated considering the inclination of hopper 
wall segment along guide lines Left and Right. The frictional tractions outputs were examined and relatively close 
agreements were obtained in all cases. Although some recent studies have assessed the mobilized wall friction 
coefficient in steep and shallow hoppers [1,3,34], more detailed investigations on this issue could be undertaken 
in future researches. 
 
3. FEM results and discussion 
 
3.1 Normal pressures along guide lines 

The predictions of normal pressures on the hopper wall under different eccentricities are shown in Figure 5 
along guide lines Left and Right. It is obvious from this figure, as the eccentricity grows the asymmetry in normal 
pressures take place. The results show an increase in the normal pressures of shallow side compared with the steep 
side of eccentric hopper. Due to slight discontinuities associated with reactivating new layers during progressive 
filling process, general form of pressure curves is not smooth. 

 

 
Figure 5. Normal pressure distribution for different eccentricities: (a) along Left, (b) along Right guide line. 

 
To quantify the eccentricity effects on normal pressure deviation from that of centered-outlet hopper, two factors 

were defined as follows: (a) OPF; and (b) RPF. Due to defined geometry, the OPF and RPF are related to Left and 
Right guide lines, respectively. Note that, the design of wall thickness is based on the peak pressures obtained. 
Therefore, the introduced factors for each eccentricity were calculated by dividing the maximum value of normal 
pressure in eccentric hopper to the corresponding value in concentric one at the same elevation and point. Table 
2 represents the OPF and RPF values obtained for the sample hopper. 

 
Table 2. OPF and RPF values determined for different amounts of eccentricity. 

Model Number e/D OPF RPF Difference (OPF-RPF) 
1 0 1.00 1.00 0.00 
2 0.05 1.04 0.96 0.08 
3 0.1 1.08 0.92 0.16 
4 0.15 1.11 0.88 0.23 
5 0.2 1.14 0.83 0.31 
6 0.25 1.17 0.79 0.38 
7 0.3 1.20 0.74 0.46 
8 0.35 1.21 0.68 0.53 
9 0.4 1.23 0.64 0.59 
10 0.416 1.23 0.62 0.61 
 
Investigation of normal pressure distribution along circumferential path defined under the title of Ring-2, Ring-

3 and Ring-6 is also conducted. The results in Figure 5 indicate that the maximum pressures along both Left and 
Right guide lines occurred between 0.5 and 1 meter from outlet in elevation of the sample hopper. Therefore, the 
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circumferential guide lines Ring-2 and Ring-3 with vertical coordinates of 2/8 and 3/8 of total height of hopper 
were considered, respectively. 

To examine the circumferential pressure distribution in the upper part of sample hopper, Ring-6 with vertical 
coordinates of 6/8 of total height of hopper was additionally picked. Figure 6 shows the normal pressures variation 
along these lines. The horizontal axes of these figures is the angle θ measured counter-clockwise as shown in 
Figure 7 and is compatible with the European Standard [36] notation. General form of pressure curves in Figure 
6, which take the schematic shape like Figure 7 in polar coordinates, may be approximated by two cosine waves.  
 

 
Figure 6. Normal pressure distribution: (a) along Ring-2, (b) along Ring-3 and (c) along Ring-6. 

 
 

 
Figure 7. Schematic view of normal pressures in horizontal plane of hopper in polar coordinates. 
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All curves in Figure 6 pass from a common point at almost π/2 radians along x-axis which intersects with the 
value of concentric normal pressure at the same elevation. Zero and π radians correspond to Right and Left guide 
lines in the plan view, respectively. For eccentric hoppers from 0 to π/2 radians in x-axis direction, the normal 
pressure is less than amount of concentric pressure at the same elevation. From π/2 to π radians, the normal pressure 
increases and its peak value is at π radians. This is consistent with the way that OPF and RPF values were defined. 
 
3.2 On refinement of OPF and RPF values 

To clarify the general effects of modeling parameters on OPF and RPF values, some more analyses were 
conducted. In the current section, 4 different amount of outlet eccentricities (i.e., e/D = 0.1, 0.2, 0.3 and 0.416) 
were used for parametric study. It was mentioned that in the filling phase the adopted constitutive model for stored 
solids has little effect on pressure predictions [2,3,18,41]. Consequently, the Drucker-Prager criterion parameters 
kept unchanged in further analyses.  

One of the key features of bulk materials is Young’s modulus (E). For the range of normal pressures exerted on 
the ensiled materials in the hoppers considered under the filling phase (i.e., less than 20 kPa), typical values for 
Young’s modulus of granular agricultural materials used in silo design have been measured to be in the range of 
0.3-1.7 MPa [43,44]. Therefore, an upper bound of 2 MPa was used and the variations of OPF and RPF values 
were calculated. In this regard, there were no significant changes. This result was expected in accordance with 
previous studies [18,39]. 

The effect of unit weight (γ) of ensiled materials was examined by considering two more unit weight. The 
changes of OPF and RPF values were again negligible. Table 3 summarizes the corresponding results. Therefore, 
the Young’s modulus and the unit weight of bulk solids were not taken into account for further investigations. But 
the effects of Poisson’s ratio (ν) of ensiled materials, the wall friction coefficient (μ) and the hopper dimensions 
on OPF and RPF values were fully explored. 
 

Table 3. The effect of Young’s modulus and unit weight of bulk solids on OPF and RPF values. 

Variable Value 
e/D 

0.1 0.2 0.3 0.416 
RPF OPF RPF OPF RPF OPF RPF OPF 

E(MPa) 0.55 0.92 1.08 0.83 1.14 0.74 1.20 0.62 1.23 
2 0.93 1.08 0.85 1.15 0.76 1.20 0.64 1.21 

γ(kN/m3) 
4900 0.92 1.08 0.84 1.16 0.75 1.21 0.63 1.24 
9800 0.92 1.08 0.83 1.14 0.74 1.20 0.62 1.23 
14700 0.92 1.08 0.83 1.14 0.74 1.19 0.62 1.23 

 
The importance of wall friction coefficient has been mentioned in some previous researches [18,30] and is 

considered as a key parameter in European Standard formula [36]. For these parameters, three practical values 
were picked as follows: for wall friction coefficient values of 0.2, 0.35 and 0.5, representing smooth to rough 
surfaces, and for Poisson’s ratio values of 0.25, 0.3 and 0.35 [43,44]. In each case, the relevant parameter was 
changed, while the other basic material parameters were kept unchanged.  

In order to explore the effect of hopper geometry, two other hoppers with aspect ratios (height to diameter ratio 
H/D) of 0.5 and 0.67 were also analyzed (Figure 8). Keeping almost the same height, the largest and the smallest 
hoppers cross sections were selected in a way to make similar eccentricity ratios of sample hopper (Figure 1). In 
this way, a practical range of aspect ratios for steel hoppers is covered in the current research [27,29,31,45–48]. 

 

 
Figure 8. Hoppers dimensions with aspect ratio of ≈0.67 (left) and 0.5 (right). 
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The detailed results of the numerical analyses are summarized in Table 4. In this table, an additional column 
represents the elevation at which the peak normal pressures occurred for each case. This elevation is the same for 
Left and Right guide lines. The results of Table 4 from a general point of view indicate that: 

1) As the wall friction coefficient reduces, the values of OPF and RPF experience a decrease and an increase, 
respectively; 

2) As the Poisson’s ratio increases, the OPF values decrease and the RPF values increase. The OPF values are 
less sensitive to Poisson’s ratio when compared with the RPF values; 

3) As the eccentricity grows, the effects of both wall friction coefficient and Poisson’s ratio on OPF and RPF 
values increase. Moreover, the variations of these two factors with Poisson’s ratio when larger value of wall friction 
coefficient is used are more traceable; 

4) As the hopper aspect ratio decreases, the RPF values also decrease while the results don’t show a certain 
trend for OPF values. For hoppers with aspect ratio of 0.67 and 0.5, in transition from 0.3 to 0.416 for the amount 
of eccentricity ratio, the OPF values may increase or decrease; 

5) As the wall friction coefficient increases, the elevation of peak pressure occurrence also increases. The 
amount of Poisson’s ratio makes negligible effect on this issue. But lowering the hopper aspect ratio decreases the 
corresponding peak pressure elevation; 

6) Considering all parameters studied in the current research, the variations in OPF values are less than the RPF 
values. 

The values of OPF and RPF shown in Table 4 expand the perspective that how the outlet eccentricity would 
influence the peak normal pressures. In order to compare the pressure predictions for concentric hoppers by 
progressive filling method with the formula of European Standard the following section is presented. 
 

Table 4. Parametric study on OPF and RPF values. 

NO. H/D μ ν 
e/D Corresponding 

elevation from 
outlet (z/H)  

0.1 0.2 0.3 0.416 
RPF OPF RPF OPF RPF OPF RPF OPF 

1 1 0.20 0.25 0.95 1.05 0.90 1.07 0.84 1.10 0.77 1.11 0.21 
2 1 0.20 0.30 0.95 1.05 0.90 1.07 0.85 1.09 0.78 1.11 0.21 
3 1 0.20 0.35 0.95 1.04 0.90 1.07 0.85 1.08 0.78 1.10 0.21 
4 1 0.35 0.25 0.93 1.06 0.84 1.11 0.76 1.15 0.66 1.18 0.29 
5 1 0.35 0.30 0.93 1.06 0.85 1.11 0.77 1.14 0.68 1.17 0.29 
6 1 0.35 0.35 0.94 1.05 0.86 1.10 0.78 1.13 0.69 1.15 0.29 
7 1 0.50 0.25 0.91 1.08 0.81 1.14 0.70 1.20 0.58 1.23 0.29 
8 1 0.50 0.30 0.92 1.08 0.83 1.14 0.74 1.20 0.62 1.23 0.29 
9 1 0.50 0.35 0.93 1.07 0.86 1.14 0.79 1.20 0.69 1.24 0.29 
10 0.67 0.20 0.25 0.92 1.06 0.83 1.11 0.74 1.14 0.65 1.14 0.19 
11 0.67 0.20 0.30 0.92 1.06 0.84 1.11 0.76 1.13 0.67 1.13 0.19 
12 0.67 0.20 0.35 0.93 1.06 0.86 1.10 0.78 1.12 0.69 1.11 0.17 
13 0.67 0.35 0.25 0.89 1.09 0.78 1.16 0.66 1.20 0.52 1.20 0.2 
14 0.67 0.35 0.30 0.90 1.07 0.79 1.15 0.68 1.18 0.55 1.18 0.2 
15 0.67 0.35 0.35 0.92 1.08 0.83 1.13 0.73 1.18 0.62 1.19 0.19 
16 0.67 0.50 0.25 0.88 1.11 0.76 1.19 0.62 1.25 0.47 1.27 0.28 
17 0.67 0.50 0.30 0.90 1.10 0.80 1.18 0.68 1.23 0.55 1.26 0.28 
18 0.67 0.50 0.35 0.91 1.07 0.82 1.14 0.72 1.18 0.61 1.21 0.28 
19 0.5 0.20 0.25 0.91 1.10 0.80 1.15 0.68 1.18 0.56 1.16 0.13 
20 0.5 0.20 0.30 0.92 1.09 0.82 1.14 0.71 1.16 0.59 1.14 0.13 
21 0.5 0.20 0.35 0.92 1.07 0.83 1.12 0.74 1.14 0.64 1.11 0.13 
22 0.5 0.35 0.25 0.88 1.11 0.74 1.20 0.60 1.23 0.45 1.21 0.14 
23 0.5 0.35 0.30 0.90 1.10 0.78 1.17 0.66 1.20 0.53 1.19 0.14 
24 0.5 0.35 0.35 0.91 1.08 0.82 1.13 0.71 1.16 0.59 1.16 0.16 
25 0.5 0.50 0.25 0.87 1.12 0.74 1.21 0.59 1.25 0.44 1.26 0.16 
26 0.5 0.50 0.30 0.88 1.08 0.76 1.15 0.63 1.19 0.49 1.20 0.19 
27 0.5 0.50 0.35 0.91 1.06 0.80 1.11 0.69 1.14 0.56 1.14 0.19 

 
3.3 Comparison of progressive filling method with EC 1991-4:2006 

In the current section the normal pressures predicted by FEM and the European Standard [36] are compared. 
Three concentric hoppers with three values of wall friction coefficient (similar to the parametric study) were 
considered. A typical value of 0.3 was picked for the bulk solid Poisson’s ratio. According to the Standard [36], 
there is a distinction between the value of wall friction coefficient for steep and shallow hoppers. Accordingly, a 
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steep hopper, in which the solid slides down the inclined hopper wall when the silo is filled, is treated by using 
fully mobilized wall friction. On the other hand, in shallow ones, too low of a slope or high friction causes the 
solid not to slide down the inclined hopper wall when the silo is filled and hence wall friction not being fully 
mobilized. If β < βcr (Equation (1)) the hopper is deemed to be steep and the hopper wall is fully mobilized, 
otherwise the effective hopper wall friction coefficient (Equation (2)) may be used: 
 

1 tan
2 tancr w

w

Ktan andβ µ ϕ
ϕ

−
= =                                                                                                         (1) 

1
2 taneff

Kµ
β

−
=                                                                                                                                      (2) 

 
Where β is the hopper half angle, φw is the friction angle between the wall and the particulate solid. In the current 

paper, the wall friction coefficient (μ) was directly used instead in all parts. K is the lateral pressure ratio on vertical 
wall with a typical value between 0.4 and 0.6 [1,36] and was calculated by K=ν/(1-ν) [3,18,39]  for filling state. 
Table 5 shows the parameters used for pressure calculations and the distinction made between steep and shallow 
hopper in accordance with its hopper half angle and wall friction coefficient.  
 

Table 5. Values used in the European Standard [36] formula for pressure calculations in hoppers. 
NO. H/D μ (FEM) ν K β° βcr° Steep/Shallow μeff or μ  

1 1 0.20 0.30 0.43 23 54.9 Steep 0.20 
2 1 0.35 0.30 0.43 23 39.2 Steep 0.35 
3 1 0.50 0.30 0.43 23 29.7 Steep 0.50 
4 0.67 0.20 0.30 0.43 32 54.9 Steep 0.20 
5 0.67 0.35 0.30 0.43 32 39.2 Steep 0.35 
6 0.67 0.50 0.30 0.43 32 29.7 Shallow 0.46 
7 0.5 0.20 0.30 0.43 39.8 54.9 Steep 0.20 
8 0.5 0.35 0.30 0.43 39.8 39.2 Shallow 0.34 
9 0.5 0.50 0.30 0.43 39.8 29.7 Shallow 0.34 

 
The normal pressures (P) on the hopper wall is recommended to be evaluated using the same relationships in 

both kind of hoppers, but adopting an effective hopper wall friction coefficient (μeff) in shallow ones [36]: 
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Where Ff is the hopper pressure ratio for filling, n is an exponent given by Equation (4) and b is an empirical 
coefficient with recommended value of 0.2. Also, hh is the vertical height between the hopper apex and the 
transition and y is the vertical coordinate upwards from hopper apex (see Figure 9). 

 

 
Figure 9. Illustration of the notations used in Equation (3). 

hh

y

P β
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Figure 10 represents the predicted normal pressures distribution by both methods. Due to similar effective 
hopper wall friction coefficient obtained for hopper with aspect ratio of 0.5 (see Table 5), the Standard [36] 
formula results in the same curve for μ= 0.35 and μ= 0.5. There is a good agreement between the predicted results. 
With this respect it may be possible to use the calculated OPF and RPF values (see Table 4) in conjunction with 
the European Standard formula [36] for concentric hoppers to capture the hopper eccentricity effects. 
 

 
Figure 10. Progressive filling method and European standard [36] normal pressure distribution for concentric 
hoppers, for the following hoppers aspect ratios: (a) ≈1; (b) ≈0.67 and (c) 0.5. 
 
4. Conclusions 

 
The main conclusions from the numerical analyses of hoppers with different values of outlet eccentricities can 

be drawn as follows:  
1) It has been shown that the effect of outlet eccentricity in hopper body, results in asymmetry of pressures 

exerted on hopper wall. The results show an increase in the normal pressures of shallow side compared with the 
steep side of eccentric hopper. In order to quantify this asymmetry, OPF and RPF were introduced to determine 
the amount of peak pressure variations with respect to that of concentric hopper. 

2) It was concluded that due to small strains [42] and low pressure levels in the filling phase in hoppers, the 
elastic behavior is dominant and plastic parameters have minor effects. This is consistent with the little effect of 
the adopted constitutive model for stored solids on the filling pressures [2,3,18,41]. Therefore, in the parametric 
study the plastic parameters were kept unchanged. In addition, it was found that the unit weight and Young’s 
modulus of bulk solids have minor effects on OPF and RPF values. 

3) A full parametric study considering three different hoppers, three different values for wall friction coefficient 
and the Poisson’s ratio was carried out. As reported values in Table 4 show, the wall friction coefficient has an 
essential effect on OPF and RPF values. The OPF values are less sensitive to Poisson’s ratio when compared with 
the RPF values. As the eccentricity grows, the effects of both wall friction coefficient and Poisson’s ratio on OPF 
and RPF values increase. Moreover, a reduction in the hopper aspect ratio decrease the RPF values while the OPF 
values don’t follow a certain trend. As a general rule, the OPF values show less sensitivity as compared to RPF 
values to these parameters’ changes. 

4) Finally, the comparison between the FEM and the European Standard formula [36] for concentric hoppers 
showed a close agreement of normal pressures prediction by these methods. Consequently, it may be possible to 
use the calculated OPF and RPF values of this paper in conjunction with the European Standard formula for 
axisymmetric hoppers in order to capture the hopper eccentricity effects. 
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